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Estimating treatment-effect heterogeneity across sites, in multi-site
randomized experiments with few units per site.*
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Abstract

Multi-site randomized experiments, which are common in economics and medicine, can re-
veal how treatment effects vary across settings. However, differences between site-specific esti-
mates reflect both treatment-effect heterogeneity and estimation noise. We build on established
measurement-error corrections and develop new ones to study this heterogeneity in experiments
with many sites and few units per site. In particular, our results can be used to estimate
the variance and centered third moment of treatment effects across sites, relate site effects to
untreated outcomes, conduct mediation analyses, assess the roles of provider effectiveness and
site responsiveness, and study heterogeneity in local average treatment effects (LATEs) under
imperfect compliance. We apply our methods to counseling programs delivered by public and
private providers in about 200 French employment offices. Average employment gains of about
2 percentage points conceal cross-site standard deviations of intention-to-treat effects of 8 to 9
percentage points. We also find substantial LATE heterogeneity. Effects are negatively associ-
ated with untreated employment rates. The two programs also tend to be more effective in the
same sites, consistent with a role for heterogeneous site responsiveness.

Keywords: Measurement error, multi-site randomized controlled trials, multi-centre randomized
controlled trials, heterogeneous treatment effects
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“Vérité au-deca des Pyrénées, erreur au-dela.”
“Truth on this side of the Pyrenees, error on the other.”
—Blaise Pascal, Pensées

1 Introduction

In multi-site randomized controlled trials (RCTs), on top of learning whether the treatment works
on average, researchers may want to know how much treatment effects vary across sites, whether
effects are larger where untreated outcomes are worse, and whether sites’ effects on a mediator
predict their effects on the final outcome. When compliance with random assignment is imperfect,
researchers may also want to know whether differences in intention-to-treat effects reflect only dif-
ferences in take-up rates or also differences in local average treatment effects (LATEs). Answering
these questions is difficult when each site contains few units. Due to estimation error, site-specific
estimates can differ substantially even when the underlying effects are similar. Moreover, estima-
tion error can create misleading relationships between estimated effects and other estimated site
characteristics. Accordingly, while experiments with many sites and few units per site are com-
mon in economics' and medicine,? researchers rarely systematically investigate effect heterogeneity
across sites, and those that do so generally use parametric random-effects models.?

We develop methods for studying treatment-effect heterogeneity in multi-site RCTs with many
sites and few units per site. Section 2 develops the statistical framework. It introduces classical
measurement-error corrections, which subtract the contribution of estimation noise from observed
cross-site variances and covariances (Fuller, 1987), and also proposes a novel corrected estimator of
the centered third moment of site effects. Section 3 then shows that under i.i.d. sampling within
sites, random assignment provides the unbiased estimators needed to implement these corrections.

The remainder of Section 3 shows how these results can be used conduct six types of heterogeneity
analyses. First, to assess whether effects vary across sites, we estimate the variance of average
treatment effects (ATEs) across sites. Second, to assess whether heterogeneity is asymmetric, we
estimate ATES’ centered third moment, which measures whether unusually large treatment effects
are concentrated above or below the average.

Third, to assess if effects are larger where untreated outcomes are worse, we regress sites’ ATEs
on their average untreated outcome. This regression may inform targeting to new sites outside
the RCT, if the relationship between treatment effects and untreated outcomes carries over to the
new sites, and if outcomes among previous cohorts provide a useful proxy for new sites’ untreated
outcomes. A central difficulty is that the control-group mean enters positively in the estimated
untreated outcome and negatively in the estimated ATE. Our regression estimator corrects for the
resulting negative covariance between the estimators, and for measurement error in the regressor.

'From 2014 to 2016, 12 multi-site RCTs were published in AEJ: Applied Economics, with a median of 46 sites
and a median of 15 randomization units per site (see Table 8 in the appendix).

2In medicine, such experiments are usually called multi-center RCTs. Reviewing 206 multi-center RCTs published
in four leading medical journals, Kahan and Harhay (2015) report medians of 20 centers and 24 patients per center;
30% of the trials included more than 50 centers.

3In Table 8, the only paper that systematically investigates effect heterogeneity across sites is Walters (2015),
who does so using a parametric random-coefficient model. In medicine, Hemming, Hughes, McKenzie, and Forbes
(2021) note that analyses of treatment-effect heterogeneity across centers remain uncommon. Exceptions exist (see,
e.g. Lingsma, Roozenbeek, Perel, Roberts, Maas, and Steyerberg, 2011), though they usually rely on parametric
random-effects models (Hemming, Hughes, McKenzie, and Forbes, 2021).



Fourth, we study predictive mediation regressions: do sites with larger treatment effects on a
mediator also have larger effects on the final outcome? With a binary mediator, under monotonicity
and a strong cross-site independence assumption, the regression’s intercept identifies the average
direct effect, while its slope identifies the average across sites of the mediator’s effect among each
site’s mediator compliers. We derive a testable implication of homogeneous direct and mediator
effects across sites, a sufficient condition for the cross-site independence assumption.

Fifth, when different providers deliver two similar treatments within the same sites, we use the
variance of the difference between their site-specific effects to assess the roles of provider effectiveness
and site responsiveness. We give conditions under which a constant difference across sites rules out
heterogeneous provider effectiveness as a source of effect heterogeneity. More generally, this variance
can help assess the roles of sites’ responsiveness and providers’ effectiveness, although it does not
separately identify their contributions.

Sixth, we consider imperfect compliance. Site-specific local average treatment effects (LATESs) are
ratios and generally lack unbiased estimators, so the usual measurement-error corrections cannot
be applied directly to estimated LATEs. Nevertheless, we identify and estimate a variance of
LATESs that weights sites proportionally to their squared first stages. This target depends only on
estimable second moments of intention-to-treat (ITT) effects and first stages. We also identify and
estimate a lower bound for the complier-weighted variance. These results allow researchers to test
whether differences in take-up alone explain I'TT heterogeneity. We also identify and estimate the
covariance between LATESs and first stages under complier weights. This reveals whether sites with
larger shares of compliers also tend to have compliers who benefit more from treatment; a positive
covariance is consistent with Roy selection across sites, whereby take-up is higher where compliers’
gains are larger. Finally, we identify and estimate weighted regressions relating site-specific LATEs
on different outcomes.

Section 4 applies these tools to the experiment of Behaghel, Crépon, and Gurgand (2014), which
compared publicly and privately provided intensive counseling for job seekers in French public-
employment offices. Average effects on employment after six months are 2.4 percentage points for
public counseling and 1.9 percentage points for private counseling. These averages conceal sub-
stantial heterogeneity: the estimated standard deviations of site-specific ITTs are approximately
9.2 and 8.5 percentage points, respectively. We also find substantial LATE heterogeneity. Both
programs’ estimated effects are negatively associated with employment rates without treatment,
with particularly precise evidence for private counseling. This association is concentrated in the
component of employment rate without treatment not predicted by job seekers’ observed charac-
teristics. The programs also tend to be more effective in the same sites, despite being delivered by
different providers. This positive association is consistent with a role for site responsiveness.

Related literature and paper outline

The corrected-moment estimators we use build directly on the measurement-error literature. Sub-
tracting estimation-error variance from the observed variance of estimated effects is familiar from
classical measurement-error models (Fuller, 1987), random-effects meta-analysis (DerSimonian and
Laird, 1986), and empirical work on industry wage effects (Krueger and Summers, 1988), teacher
effects (Aaronson, Barrow, and Sander, 2007), and employers’ propensities to discriminate (Kline,
Rose, and Walters, 2022). A particularly close connection is to the leave-out variance-component
estimators of Kline, Saggio, and Sglvsten (2020). Specializing their random-coefficient model to



a binary regressor yields a leave-one-out variance estimator for a group-specific slope that coin-
cides with the conventional variance estimator for a difference in means used below. Similarly, the
regression estimator we consider specializes the corrected measurement-error estimator in Equa-
tion (3.1.7) of Fuller (1987). Related estimators have been used with survey averages (Deaton,
1985) and teachers’ value added (Rose, Schellenberg, and Shem-Tov, 2022) as regressors. Another
related approach regresses outcomes on empirical-Bayes posterior means of estimated group effects
(see, e.g., Kline, Rose, and Walters, 2022). Chen, Gu, and Kwon (2025) show that this approach
generally requires additional restrictions that corrected-moment estimators do not require.

To our knowledge, our centered-third-moment estimator is new. The closest precedents are Ri-
moldini (2014), whose correction assumes independent Gaussian measurement errors with known
variances, and Ben-Moshe and Genesove (2026), who derive unbiased estimators of higher central
moments in unbalanced multilevel models with mutually independent additive random effects and
within-level i.i.d. errors. Our framework instead allows the sampling-error distribution to vary with
the site-specific conditional mean.

Our paper’s main focus is to apply corrected-moment estimators to multi-site randomized exper-
iments. Proposition 1 establishes that under our sampling and random-assignment assumptions,
one can form unbiased estimators of site-level effects, and of their variances, covariances, and third
central moments, as required by the corrections. The subsequent propositions develop the six ap-
plications described above, including results for LATE heterogeneity that cannot be obtained by
directly applying the correction to site-specific LATE estimators.? These applications connect to
work on mediation analysis (Imai, Keele, and Yamamoto, 2010; Daniels and Hughes, 1997; Dunn,
Emsley, Liu, Landau, Green, White, and Pickles, 2015; Reardon and Raudenbush, 2013; Vander-
Weele, 2013; Kwon and Roth, 2026), the contribution of implementation to effect heterogeneity
(Bloom, Hill, and Riccio, 2003; Hong, Deutsch, Kress, Trinidad, and Xu, 2024; Angrist and Meager,
2023), and LATE heterogeneity in multi-site RCTs (Walters, 2015; Adusumilli, Agostinelli, and
Borghesan, 2024; Angrist and Meager, 2023). We discuss these connections in the corresponding
subsections of Section 3.

The remainder of the paper is organized as follows. Section 2 presents the general framework and
corrected-moment estimators. Section 3 develops their applications to multi-site RCTs. Section 4
applies the methods to public and private counseling programs for French job seekers. Appendix A
presents the influence functions and inference results. Appendix B reports simulations. Appendix C
contains the proofs. Appendix D presents a survey of multi-site RCTs published in economics.

2 General framework and estimators

In this section, we assume we observe unbiased noisy realizations of a univariate and a multivariate
conditional expectation. In such settings, we propose estimators of the variance of the univariate
conditional expectation, of its third central moment, and of the coefficient from the regression of
the univariate on the multivariate conditional expectation. The following section will apply these
results to multi-site RCTs.

4The estimators proposed in this paper are implemented in the miltisite Stata package.



2.1 Setup and target parameters

Let (X, Y, S) be random variables, where Y and S are scalar and X € RX. Throughout, vectors are
understood to be column vectors. For any random variable or vector R such that the expectation
below is well defined, let

pr(s) =E[R[S = s].

Let W(S) be such that W(S) > 0 and 0 < E[WW(S)] < co. W(S) is a weighting variable that gives
greater weight to some values of S than others. For instance, S may represent the identifier of a clus-
ter of units, and W (S) could represent the cluster’s number of units. Let w(S) = W(S)/E[W(95)].
For any random variables R; and R, we let

E,[Ry] = Elw(S)Ry]
Vary[Ri] = E[w(S)(R1 — Ey[Ri])’]
Covu(Ry, Rz) = E[w(S) (Ry — E,[R)) (Rs — Ey[Ra))].

Our three target parameters are
2 :Varw(/vLY(S))7 B = Varw(///X(S»il COVw(Mx(S),/Ly(S», Ky = Eqy [{:U’Y(S) _EW[MY(S)]}g] :

o2 is the weighted variance of uy (S). The vector 3 is the slope coefficient in the population OLS
regression of py (S) on a constant and px (S), weighted by w(S). ky is the weighted third central
moment of py (S).

We observe (S, ...,S,), niid. random variables with the same distribution as S. We also observe
(W(S1),...,W(Sy)), the weights of observations 1 to n. For i = 1,...,n, let

px(Si)  and  py(S)
denote estimators of px (S;) and py (S;), respectively. Let
VX,i € REXK, VY,i €R, aXY,i € RE, 6YV,¢ €R, fA(Y,i eR

denote estimators of Var(iix (S;) | Si), Var(zy (Si) | Si), Cov(ux (Si), ity (Si) | Si), Cov(py (Si), VyZ ]
S;) and E[{fiy (S;) — uy (S;)}3 | Si], respectively.

Remark 1 (Predictors measured without error). The framework allows some or all coordinates of
wx (S;) to be measured without error. For every such coordinate k, one simply has

Bxk(Si) = px k(Sh)-

The corresponding row and column of 17)(,1- and the corresponding coordinate of éxy,i are then equal
to zero.

Assumption 1 (Sampling and unbiasedness). For everyi=1,...,n:
(i) We observe the vector
(Si, W (i), fix (Si). Fiy (S3), V.o Wi Cxvis Cyviy ffy,v;) :

Those vectors are i.i.d. across i.



(ii) Almost surely, all the following conditional unbiasedness restrictions hold:

Elfix (S:) | Si] = px(Ss), E[zzy (S:) | Si] = py (Si),

E[Vx, | 8] = Var(fix(S;) | Si),  E[Vy | Si] = Var(fiy (S;) | Si).
(Cx
Ky

)
vi | Si] = Cov(iix (Si), fiv(Si) | Si),  ElCyv,i | Si] = Cov(fiy (S:), Vi | Si),
i | 8i) = E[{fiv (S:) — v ()} | Sil.

Section 3.1.1 of Fuller (1987) considers a closely related setup in which a dependent variable and
a vector of regressors are observed with measurement error, and where the variance of the mea-
surement errors can be unbiasedly estimated. We further assume that the third centered moment
of the estimation error and its covariance with its variance estimator can be unbiasedly estimated.
These additional restrictions allow us to construct the corrected estimator of Ky below.

Lemma 1. Under Assumption 1, provided the expectations below exist,

Eu {7y (55) = Euloy (]} = V| = Varu (uy (5)), (1)
B, {7 (50) — Bulux (S)}7x (51) - Eulux($)]}T = Vxa| = Vary (ux(S)), (2)
Eu [ {7ix (55) = Bulix (S)] Hiy () = By ()]} = Cxvii] = Covu(ux(9), v (8)),  (3)
Eu | {7y ($) = Euluy (S)]} = 3{7iv(S) = Buluy ($)} Vs +3Cvv — Ky =mv. (1)

Equations (1)-(3) follow from the laws of total variance and covariance, combined with Assumption
1. Equation (4) additionally follows by expanding a cube.

2.2 Estimators

Let

We estimate o2 by

52 = LS sy [(iv(5) — v~ ] = - SO @S (S) — iy} — - D a(S) T (5)
=1 =1 =1

52 is a corrected estimator of the variance of uy (S): it subtracts the average estimated variance of
iy (S;) from the variance of fiy (.S;) across the n observations.

Similarly, we consider the following corrected estimators of Var,,(ux(S)) and Cov,,(ux(S), uy (5)):

n

Var(ux(5) = = 32 a(S0) [{x (50~ A} Ax($) - T} -V, (©)
=1

Covlyux (), p(5) = = D7 @(S0) [{7x (59 — e} (A (S0) — iy} — O] (7)
=1



Whenever \//z;r(,u x(5)) is nonsingular, let

B = Var(ux(S)) " Cov(ux (S), v (S)). 8)

Finally, following (4) we estimate ky by

S8 [{v (80) = By} = 34y (Si) — Biy }hvs + 3Cyvs — Byi] (9)
=1

Ry =

SRS

3/2

When 52 > 0, one can use Ry /(52)3/2 to estimate the skewness of uy (S).

In Appendix A, we establish estimators’ asymptotic normality and their influence functions, under
an asymptotic sequence where n goes to infinity but the variances of 11y (S;) and fix (.S;) does not go
to zero. In Appendix B, we report simulations assessing the finite-sample validity of the confidence
intervals (Cls) based on these influence functions, in DGPs where site effects can have light or heavy
tails, and no or a lot of skewness. The 95%-level CI for 3 has coverage close to its nominal level in
every design considered, with as few as 50 sites. The 95%-level CI for o2 can slightly undercover
with 50 and 100 sites, but has coverage close to its nominal level with 200 sites. With a studentized
site-level bootstrap, the CI for o2 has coverage close to its nominal level even with 50 or 100 sites.
Finally, with 100 sites or more, the 95%-level CI for ky has coverage close to its nominal level in
all DGPs, except for the one with both heavy tails and a lot of skewness. The studentized site-level
bootstrap does not improve coverage for that parameter, except in the DGP with both heavy tails
and a lot of skewness.

3 Application to multi-site RCT's

In this section, we show that the results of the previous section can be applied to multi-site RCTs.

Assume that n sites (51, ...,S,) are drawn with replacement from a super-population of sites. In
each site, N; units are drawn with replacement from the site’s super-population of units. In each
site, we allocate Ny ; units to a control group and Ng; units to treatment arm d, for d € {1, ..., D},
D > 1, where Ny,; > 3 for every d € {0, ..., D}, and 25:0 Ngi; = N;. For each unit u € {1,..., N;},
let D, ; € {0,...,D} denote the treatment arm it is assigned to. For every ¢ € {1,...,n} and u €
{1,..., N;}, we measure a vector of outcomes O, ; € RY, L > 1, with coordinates Ou,its s OugiL-
For every d € {0,...,D}, let O, ;(d) denote the potential-outcome vector of unit v in site i under
treatment d. The observed outcome vector satisfies Oy ; = Oy i(Dy. ;). Under our assumptions on
the sampling of sites and units within sites, we have:

Assumption 2. 1. The vectors (Si, Ni, (Ng:)5os ((Ou,i(d))dDZO)N" ) are i.i.d. acrossi.

u=1

2. For all i, the vectors (Oy;(d))]_, are i.i.d. acrossu conditional on S;, and we let (O;(d))%_,
denote a vector with the same probability distribution as (Oy;(d))5_, conditional on S;.

3. For every d € {0,..., D}, E[||O;(d)|® | Si] < oo almost surely.

In multi-site RCTs, participating sites and units are not always probability samples from well-
defined populations. In that case, Assumption 2 can be interpreted as a super-population modelling
device: the observed sites and units are regarded as draws from hypothetical populations of sites and
units that could have participated. This interpretation does not make the sample representative



of any particular external population. The i.i.d. sampling assumption within sites plays a key
role: together with random assignment, it makes the usual variance estimator for a difference
in means unbiased for its sampling variance around the site’s super-population ATE. With fixed
sampled units and randomness arising only from treatment assignment, this variance estimator
is generally conservative, so subtracting it need not recover the cross-site variance of treatment
effects. The assumption that sites are an i.i.d. sample is less crucial. Versions 1-3 of this paper
(arXiv:2405.17254) instead treated the observed sites as a fixed finite population. For results
common to those versions and the present one, moving to i.i.d. sampling leaves the estimators
unchanged, but changes the interpretation of their variance estimators: under the finite-population
framework, the estimators’ asymptotic variances could in general only be conservatively estimated,
whereas under Assumption 2 they can be consistently estimated.

Let
Vi = (Si7 Ni, (Ng)o, ((Ou,i(d))dpzo)g;)

collect site 7’s identifier, its number of units, its arm sizes, and its sampled potential outcomes. To
allocate units to treatment arms, a completely randomized experiment is conducted in each site,
independently across sites:

Assumption 3. N; and the arm sizes (No, . . ., NDJ) are measurable with respect to S;. For every
i€ {1,...,n} and every assignment vectord = (dy, ..., dy,) € {0,..., D} such that N, 1{d, =
d} = Nq; for every d € {0,...,D},

. N; T, Ny
P(D-Ni =d -/73_): ! = 2 =00 almost surely.
e =1 00i) = (™ O Naid gt surey

Moreover, conditional on (V)] the assignment vectors (DW)J“V;'l are independent across i.

Assumption 3 states that within every site, a lottery assigns a fixed number of units to each arm,
as in a stratified experiment with sites as strata. Importantly, the assumptions let sites differ
arbitrarily in size, in the share of units assigned to each arm, and in the effects of the treatments.
Moreover, the number of units per site can be small.

Let po(S;) = (E[O;(d) | Si])%_, denote the L(D +1) vector of the average outcomes (O; 1, ...,0; 1)
under treatments (0,...,D) in site i. The corresponding estimator is the L(D + 1) vector of arm-
specific sample means

1 & i
bo(S;) = <N : Z 1{D,; = d}ou,i> .

d,i 1 N

u d=0
To estimate Var(fio(S;) | Si), we use ‘7071-, an L(D + 1) x L(D + 1) matrix whose entries are

N;
Vol (e = 1{d = d’}; Z 1{Dy; = d} (Ou,i — Oa,it) (Ouier — Ogir)
T Ngi(Nai —1) <= ’ ” v ” e

for every (d,d’) € {0,...,D}? and (¢,¢") € {1,...,L}?, where

N.
_ T
Ogiv = Nax u§1 Dy = d}Oyip.



Under i.i.d. sampling within sites and completely randomized assignment, sample means from
distinct arms are independent conditional on 5;, after averaging over both sampling and assignment.
Their conditional covariances are therefore zero, explaining the block-diagonal form of Vp ;.

Finally, to estimate centered third moments, for any non-random L(D+1) vector ¢ = (¢} ,...,eD)T,
with ¢g € RE, let
. D 1 N; 5
M. i\Cc) = lDui:d CTOui—ai y
3,0, ( ) g} Nd,i(Nd,i — 1)(Nd,7, — 2) ; { s } d{ ) d, }
where 60{71‘ = NJ} Zu 1{Du,z = d}Ow
Proposition 1. Under Assumptions 2 and 3, for every i,
E[fio(S:) | Si] = po(Si), (10)
E[Vo,i | Si] = Var(izo(S;) | Si), (11)
E[ngoyi(C) | Si] = E|{c"(fio(S:) — no(S))}> | Si|  for every non-random c. (12)

Let ¢ and B be a non-random L(D+ 1) vector and a non-random K x L(D+ 1) matriz, respectively,
and let
Yi = (0i(d)ie,  Xi = B(Oi(d)io.

Define
fiy (i) = ¢ fio(Sh), x (Si) = Bhio(S:),
‘73/,@' = CT‘A/O,Z‘C, ‘7X,z' = B‘A/o,iBT,
Cxvi= BVo.c, Cyvi=EKy,; = M\s,o,i(C).
Then,

(Sz', W(S;), ix (Si), iy (S:), Vx.is Wi, Cxvis Cyviis KY,Z')
satisfies Assumption 1.
Proposition 1 followsA from the usual unbiasedness of sample means, sample covariances, and third

centered moments. Ky; and Cyy,; are equal, because the centered third moment of a sample mean
equals its covariance with its estimated variance under i.i.d. sampling.

For the applications below, write

Caieer = [Vo,il(d,0),de)s Via,ie = Caie-

These estimate the sampling covariance of the arm-d means of outcomes ¢ and ¢/, and the sampling
variance of the arm-d mean of outcome /, respectively. With one outcome, abbreviate Vg ;1 as Vg;.

As an example, with one treatment arm and one outcome (D =1, L = 1),
ﬁO(Si) = (50,1‘,1,61,1‘,1)T

and ‘7071- is diagonal, with the estimated variances of the two averages on its diagonal. Letting
c = (—1,1)T and B = (1,0) yields 11y (S;) equal to the site’s estimated ATE and Jix(S;) equal



to its control-group mean. Then Vyl =c Vch = Vm + V1Z recovers the standard variance
formula for a difference in means, and éxyl = BVO iCc = —VO i captures the mechanical negative
covariance between the difference in means and the control group average. These variance and
covariance corrections can also be obtained by specializing the leave-out covariance estimator in
the random-coefficient model in Kline, Saggio, and Sglvsten (2020) to a binary regressor. Finally,
with ¢ = (—=1,1)T

N4
~ . 1 : _
i =Ky, = 1{Dy,; = 1}(Ouiz — O1,i1)°
Crv, YT NN - (N1 — 2) uz::l {Du, HOusr = Orin)
1 ol
Z 1{Dy; = 0}(Ou,ix — Oo,1)*.

 Noi(Noq — 1)(Noi —2) &=

Proposition 1 shows that the corrected-moment estimators in the previous section are applicable
to multi-site experiments, whenever uy (S) and px(S) are known linear transformations of arm-
specific average potential outcomes. The site-level estimates and their sampling-moment corrections
must be unbiased but need not be consistent as the number of sites grows.

Remark 2 (Possible choices for the weights). One may let the weights W (.S;) be equal to N;, thus
giving more weight to sites with more units. One could also let W (S;) = 1, thus giving the same
weight to each site. Those are two common choices of weights, but other choices are possible.

Remark 3 (Site-level predictors measured without error). As noted in Remark 1, X; may also
include site-specific variables that do not need to be estimated and are measured without error.
FEzxamples include the unemployment rate or GDP per capita in site i. For those coordinates, the
corresponding variance and covariance corrections are zero.

Remark 4 (Minimum number of units per arm). The maintained requirement Ng; > 3 is needed
only to construct M3 o (c), and hence to estimate ky. The variance and regression estimators 52

and B require only Ng; > 2 in every arm.

We now highlight six potentially relevant applications of Theorems 1, 2, 3 and Proposition 1.

3.1 Estimating the variance and centered third moment of ATEs across sites

In this subsection, we momentarily assume that D = 1 and L = 1: the RCT has one treatment
arm, and we are interested in the treatment effect on one outcome. Let 03rg = Var, (E[O;1(1) —
0;.1(0)|S;]) denote the weighted variance across sites of E[O; 1(1) — O;1(0)|S;], the average effect of
the treatment on O; ; in site ¢. Estimating this variance reveals whether the overall ATE summarizes
effects that are similar across sites or instead masks differences across sites. Let

rare = Bu | {E[0i1(1) = 0:1(0) | 5] ~ Bu[E[0:1(1) = 0:a(0) | S’

denote the corresponding weighted centered third moment. Estimating xaTg reveals whether there
is some asymmetry in the distribution of treatment effects across sites, with unusually large effects
concentrated above or below the overall ATE.

To estimate aiTE, one lets
Y =0;1(1) — 0;1(0).

) )
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The corresponding estimator of uy (S;) and variance correction are
Ay (Si) = O1,i1 — O, Wi=Vii+ V.
Plugging those into (5) yields an estimator of o3pp.

To estimate xkaTg, Proposition 1 and Theorem 3 use the same difference-in-means estimator and
variance correction, together with

N.
~ ~ 1 ‘ _
Cyvi=Ky; = 1{Dy; = 1}Oyi1 — 011)>
YV, Y, Nl,i(Nl,i — 1)(N1,i — 2) 7;1 { U, }( u,t,1 1,1,1)
1 i
> 1{Duy = 0}(Ouin — Oo,i1)°.

"~ Noi(No; — 1)(Noi — 2)

u=1

Plugging these quantities into (9) yields an estimator of kKaTE.

3.2 Regressing sites’ ATEs on their average untreated outcome

In this subsection, we again assume that D = 1 and L = 1. Let SaTg o denote the coefficient on
E[0;1(0)|S;] in a regression of E[O;1(1) — O;1(0)|S;] on an intercept and E[O;1(0)|S;], weighted
by W(S;). E[O;1(0)]S;] measures how well the site would fare in the absence of the intervention,
so the regression reveals whether treatment effects tend to be larger or smaller in sites with worse
untreated outcomes. This regression may also inform targeting outside the RCT if the relationship
between treatment effects and untreated outcomes carries over to the new sites, and if outcomes
among previous cohorts provide a useful proxy for new sites’ untreated outcomes. Then, if SaTE g is,
say, negative, one may prioritize non-RCT sites with the worst outcomes among previous cohorts.

To estimate SaTE,0, one lets
Y; = 0;1(1) — 0;,1(0), Xi = 0;1(0).

The corresponding estimators of uy (S;) and px (.S;) and variance—covariance corrections are

fiy (Si) = O1,i1 — Oo,i1, fix(Si) = Oo,i,1,
Wi = Vi, + Vo, Vx,i = Vo, Cxv,i =V

Plugging those into (8) yields an estimator of SaTg. Note that a naive regression of estimated
effects on estimated untreated outcomes is generally biased. In particular, the control-group mean
enters positively in the estimator of the untreated outcome and negatively in the difference-in-means
estimator, making their estimation errors mechanically negatively correlated. BATE,O removes this
covariance, as well as the usual attenuation bias coming from measurement error in the estimation

of E[0;1(0) | Si].

3.3 Predictive and causal mediation analysis
In this subsection, we momentarily assume that D = 1 and L = 2: the RCT has one treatment arm,

and we are interested in the treatment effect on two outcomes. O; 2 is the final outcome and O; 1
is an intermediate outcome that might mediate the effect of the treatment on the final outcome.
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3.3.1 Predictive mediation

Let Bmed denote the coefficient on E[O; 1(1) — O0;,1(0) | S;] in a regression of E[O; 2(1) — O;2(0) | S;]
on an intercept and E[O; 1(1) — O0;1(0) | S;], weighted by W (.S;). This yields a predictive mediation
regression, which assesses whether sites in which the treatment has larger effects on the mediator
also tend to be sites in which the treatment has larger effects on the final outcome. For example, in
a job-search counseling RCT, one may ask whether sites with larger effects on job seekers’ search
effort also have larger effects on their job-finding rate. Sneq can be helpful to generate hypotheses
about the mechanisms underlying the treatment effect. However, additional assumptions are needed
for Bmeq to identify the mediator’s effect.

To estimate Byeq, one lets
Yi =0;2(1) — 0;2(0), X; =0;1(1) —0;,:1(0).

The corresponding estimators of uy (S;) and pux (.S;) and variance—covariance corrections are

Ly (Si) = O1,i2 — Oo2, bx(S;) = O1,1 — Ooins
Wi =Viia+ Voo, Vxi=Vii1+ Vo,

Cxy,i = Cl12 + Co 2.

Plugging those into (8) yields an estimator of Seq. Note that one could also estimate a predictive
mediation regression with several mediators. Then, px is a vector collecting site-specific effects on
all mediators. Proposition 1 supplies the corresponding matrix of variance corrections and vector
of covariance corrections.

3.3.2 Causal mediation

We now give conditions under which the coefficients from the predictive-mediation regression have
a causal interpretation. For a generic unit in site ¢, let O; 1(d) denote the potential mediator under
treatment d, and let O;2(d, 01) denote the potential final outcome when treatment is set to d and
the mediator is set to o;. Thus, the potential final outcome under treatment d defined above
satisfies Oi’g(d) = OLQ(d, Oi,1<d)), and /Ly(Si) = E[Oi’g(l, Oi’l(l)) — Oi,2<0, Oi,l(())) ’ SZ]

Assumption 4 (Binary mediator and monotonicity). O; 1 is binary and satisfies the monotonicity
condition
0;1(1) > 0;1(0)  almost surely.

Moreover,

P{O;1(1) > O;1(0) | S;} >0 almost surely.

For site i, define

DE(S;)
IDE(S;)

E[0;2(1,0;1(0)) — 0;2(0,0;,1(0)) | Sil,

)

]E[OZ'Q(]., 1) — Oi’g(l,O) | Oiyl(l) > Oi’l(O),Si].

)

DE(S;) is the site’s average natural direct effect: it measures the effect of switching treatment
from zero to one while holding the mediator at the value it would take under control. IDE(S;) is
the average effect on the final outcome of switching the mediator from zero to one while holding

12



treatment fixed at one, among units in site ¢ whose mediator is switched from zero to one by the
treatment. By the usual natural direct—indirect effect decomposition (see, e.g., VanderWeele, 2013),

py (S;) = DE(S;) + E[O;2(1, 0i1(1)) — O52(1, 05,1(0)) | Si]
=DE(S;) + E[1{0;1(1) > 0;1(0){O;2(1,1) — O; 2(1,0)} | Si]
= DE(S;) + pux (S;)IDE(S;). (13)
The first equality follows by adding and subtracting O; 2(1,0;,1(0)). The second equality follows

from Assumption 4, and the third from the law of iterated expectations and the fact that mono-
tonicity implies P{O;1(1) > 0;1(0) [ Si} = E[0;1(1) — 0;1(0) | Si] = pux ().

Assumption 5 (Cross-site independence for causal mediation). Under the probability distribution
that weights sites by w(S), ux(S) is independent of (IDE(S), DE(S)).
Assumption 5 requires that sites’ effects on the mediator be unrelated to both their direct effects

and their compliers’ gains from the mediator.

Proposition 2 (Causal interpretation of the predictive-mediation regression). Suppose that As-
sumptions 4 and 5 hold, and that Var,(ux(S)) > 0. Then the slope Bmeq and intercept aupeq from
the weighted population regression of puy (S) on an intercept and px(S) satisfy

Bmed = Ew[IDE(S)], amed = Ey[DE(S5)].

Under Assumptions 4 and 5, Bpeq identifies the w-weighted average across sites of the mediator’s
effect among each site’s mediator compliers. The corresponding average indirect effect of treatment
on the final outcome is therefore also identified: it equals the average treatment effect on the
mediator multiplied by the mediation regression slope:

Ey[E[0i2(1,0;1(1)) — 0;2(1,0:,1(0)) | S]] = Ey[ux (Si)IDE(S;)] = Ew[px (Si)] Bmed-

3.3.3 Testing homogeneity of direct and mediator effects

Consider the condition
IDE(S;) = IDE, DE(S;) = DE almost surely. (14)

This condition requires both the direct effect and the mediator’s effect among mediator compliers to
be constant across sites. It is sufficient for the cross-site independence assumption in Assumption 5.
We derive a testable implication of this homogeneity condition, maintaining Assumption 4. Without
that maintained assumption, rejection can instead reflect a failure of either condition.

Proposition 3 (Testable implication of homogeneous direct and mediator effects). Suppose that
Assumption 4 and (14) hold, and that Vary,(ux(S)) > 0. Then IDE = Bped,

wy (S) — px (S)Bmed = DE(S) + px (S){IDE(S) — Bmea} = DE  almost surely, (15)

and therefore

Varw(MY(S) - ,U'X(S)ﬂmed) =0. (16)
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Under (14) it follows from Proposition 2 that IDE = Speq. Then the first equality in (15) follows
from (13), while the second follows from the fact that DE(S) = DE and IDE(S) = IDE = Seq-

Remark 5 (Power of a test based on (16)). Under the reqularity conditions below, a test based
on (16) has power tending to one against fixed violations of (14) that generate a strictly positive
residual variance. It cannot consistently detect violations that preserve an exact linear relationship
between py (S) and px(S). Let us characterize such alternatives under the following models for
DE(S) and IDE(S):

DE(S) :’yo—l-’yl/,tx(S), IDE(S) :90—1—(91,le(5).

Suppose also that jx(S) has at least three support points. Then, (16) holds if and only if 61 = 0.5
Therefore, (14) fails while (16) holds if and only if 61 = 0 and 1 # 0. However, one may expect
heterogeneity associated with the share of mediator compliers to arise more readily in the mediator’s
effect among compliers than in the treatment’s direct effect. An additional assumption motivated
by this view is

(91 =0 — Y1 = 0.

This restriction rules out variation in the direct effect with the share of mediator compliers when
the mediator effect does not vary with that share. Under the linear model above, the requirement
of at least three support points for pux(S), and this additional restriction, (16) holds if and only if
(14) holds. Thus, within this restricted model, homogeneity is fully testable.

Turning to the test’s implementation, let

Le(Si) = iy (Si) — Bmed Bx (Si),
Vei=Wi+ Efnedvx,i — 2Bmed Cxvi-

To test (14), we use

SOREE ~ . - PO R N
62:= = 3 (S)) [{u{f(si) —RP V], where 7= ST B(S)7(S)).
i=1 =1

Appendix A.2 derives the influence function and asymptotic variance of 2 and describes how to use
it to test homogeneity of direct and mediator effects. Under the maintained assumptions, rejection
provides evidence against homogeneous direct and mediator effects, but does not necessarily reject
Assumption 5. Conversely, nonrejection does not establish homogeneity or validate the causal
interpretation of the regression coefficients.

3.3.4 Comparison to other approaches for mediation analysis in RCTs

Identifying the effect of a mediator on an outcome is notoriously difficult. Standard approaches
compare outcomes across units with the same treatment assignment and covariates but different
mediator values. Giving those comparisons a causal interpretation requires sequential ignorability:
conditional on treatment and pretreatment covariates, the mediator must be as good as randomly

SIndeed, if 6, = 0 then uy (S) = v + (71 + 00)ux(S), S0 Bmea = 71 + 6o and (16) holds. Conversely, if 61 # 0,
wy (S) contains a nonzero quadratic term in px (S) and therefore cannot be affine in px (S) on three or more support
points.
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assigned (Imai, Keele, and Yamamoto, 2010). This condition is often hard to justify because the
mediator is not randomized, even when the treatment is.

Our approach instead regresses site-level treatment effects on the outcome on site-level treatment
effects on the mediator. Such regressions have a long history in meta-analyses (see, e.g., Daniels and
Hughes, 1997). Prior work has shown that those regressions have a causal interpretation under the
homogeneity condition in (14) (see, e.g., Dunn, Emsley, Liu, Landau, Green, White, and Pickles,
2015). Our Proposition 2 slightly extends those results by showing that this condition can be
relaxed, though our Assumption 5 remains a strong assumption. To our knowledge, the procedure
in Section 3.3.3 provides the first sampling-error-corrected test of a necessary implication of (14).
This provides a way to assess a sufficient condition for the causal interpretation of those regressions.

Another approach treats the randomized treatment as an instrument for the mediator. In this
context, the IV exclusion restriction requires that the treatment affects the outcome only through
the mediator, referred to as the full mediation assumption. If i) the full mediation assumption
holds, ii) the treatment is randomly assigned and iii) the treatment has a monotonic effect on the
mediator, a 2SLS regression of the outcome on the mediator using the treatment as the instrument
identifies the effect of the mediator for mediator compliers (Reardon and Raudenbush, 2013). Like
Assumption 4 and (14), i), ii) and iii) are not fully testable but have a testable implication (Kwon
and Roth, 2026). The full-mediation assumption and Assumption 5 are not nested. The former
does not restrict the mediator’s effect on the outcome, but rules out any direct effect of treatment.
Assumption 5, by contrast, permits direct effects, but requires that direct effects and mediator
effects be independent of the treatment effect on the mediator.

3.4 Sites’ responsiveness or providers’ effectiveness?

In multi-site RCTs, treatment providers often vary across sites. Then, a natural question is whether
heterogeneous effects across sites are driven by heterogeneity in providers’ effectiveness, or by sites’
heterogeneous responsiveness. In a multi-arm RCT, if in each site the treatments are delivered by
different providers, as is the case in our empirical application, the variance and regression estimators
proposed in this paper can help shed some light on this question.

In this subsection, we assume that D = 2 and L = 1: we consider an RCT with two treatment
arms and one outcome. For d € {1,2}, let Ay = O1(d) — O1(0). Then, let

oA = Vary (1, (Si) — pa, (S))

denote the weighted variance across sites of the difference between the two treatments’ ATEs. Let
also (21 denote the coefficient on pa, (S5;) in a weighted regression of pa,(S;) on an intercept and
pa, (Si). A small 02 means that the difference between the two treatments’ effects varies little
across sites, while a positive 21 means that the treatments tend to be more effective in the same
sites. Both findings may indicate that treatment-effect heterogeneity is not entirely driven by
heterogeneity in providers’ effectiveness.

To formalize this idea, assume that for all d € {1,2},

1oy (Si) = fa(Pa(Si), Ua(S:)), (17)

where Py(S;) is the effectiveness of the provider of treatment d in site S;, Uy(S;) is a vector of charac-
teristics of site S;, and fy(.) is a possibly non-separable production function mapping the provider’s
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effectiveness and the site’s characteristics into the site’s ATE. Let Rq(S;) = fa(E[Pa(5:)], Ua(S:)),
where E[P;(S;)] is providers’ average effectiveness: R;(.S;), the responsiveness of S; to treatment d,
is defined as the effect of d when implemented with average effectiveness in S;. Let R(S;) = (R1(S;)+
Ry(S;))/2 denote the average responsiveness of S; to the two treatments, let €3 (S;) = Ra(S;)—R(S;)
denote the difference between its responsiveness to d and its average responsiveness, so that
E‘lg(Sl) = —6‘29(51) = (Rl(Sl) — RQ(SZ))/Q Finally, let Eg(SZ,Pd(SZ)) = fd(Pd(Si), Ud(SZ)) - Rd(SZ)
denote the difference between its treatment-d ATE and what its treatment-d ATE would be with
an average-effectiveness provider. It follows from these definitions that

1a,(Si) = R(S:) + €3 (Si) + €5 (Si, Pa(Si)).- (18)

Proposition 4 (Does providers’ effectiveness contribute to the variance of effects across sites?)

1. Assume that (17) holds.
(a) Then o4 =0 if and only if

Vary (€5 (Si) — €] (Si) + €5 (S, Pa(S)) — €1 (S5, P1(S5))) = 0.

(b) If one further assumes that the w-weighted correlation between €5(S;) — €7(S;) and
€5 (i, Pa(S;)) — €7(S;, P1(S;)) is strictly larger than —1,5 and that the weighted cor-
relation between 65(&, Py(S;)) and € (S;, P1(S;)) is strictly lower than 1, then O'QA =0
if and only if

Vary (€5 (S;) — €7 (S5)) =0,  Vary (el (Si, Po(Si)) =0,  Vary (el (S, Pi(S;))) = 0.

2. If Vary,(pa, (S;)) > 0 and Vary(ua,(Si)) = Vary(ua,(S:)), then o2 = 0 if and only if
Bo1 = 1.

Point 1.a) of Proposition 4 follows directly from (18): differencing the two treatments’ effects
cancels R(S;), so O'2A only reflects sites’ relative responsiveness to the two treatments and providers’
contributions. Point 1.b) shows that, except for knife-edge cases, UQA = 0 rules out providers’
effectiveness as a source of treatment-effect heterogeneity across sites. The first knife-edge case
arises when sites’ differences in responsiveness to the two treatments and differences in providers’
contributions are perfectly negatively correlated, so that the two sources of heterogeneity exactly
offset each other, a fairly implausible scenario. The second arises when providers’ contributions
to the effects of the two treatments are perfectly positively correlated, also a fairly implausible
scenario if in each site the treatments are delivered by different providers. Outside these cases,
O'2A = 0 implies that providers do not contribute to effect heterogeneity across sites, and that sites’
relative responsiveness to the two treatments is constant. Hence, all treatment-effect heterogeneity
comes from R(S;), sites’ average responsiveness to the two treatments. Point 2 shows that under
the testable equal-variance restriction Vary,(pa,(S;)) = Vary,(pa, (Si)), the null hypotheses 0% = 0
and 321 = 1 are equivalent.

To estimate O'2A from Proposition 1 and Theorem 1, let

Yi=0;1(2) — 0;1(1).

SWith the convention that 0/0 = 0, a convention we use here and in a few other places, when doing so avoids
proving results separately in knife-edge cases where a ratio’s numerator and denominator are both equal to zero.
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The corresponding estimator of uy (S;) and variance correction are
Ay (Si) = 021 — 01,41, Wi="Va,+ Vi,

Plugging these quantities into (5) yields an estimator of aQA. The control-group mean cancels from
the difference between the two estimated ATESs, so neither the estimator nor its variance correction
uses observations from the control group.

To estimate (o1 from Proposition 1 and Theorem 2, let
Yi=0i1(2) = 0i1(0),  Xi=0i1(1) = 0i1(0).

The corresponding estimators of uy (S;) and px(.S;) and variance—covariance corrections are

iy (S;) = 02,1 — 01, Lx(S;) =011 — Oo,in,
Wi = Vai+ Vo, Vx,i = Vii+ Vo,
Cxvi = Vo,-

Plugging those into (8) yields an estimator of fa;.

Results in this section relate to work that seeks to separate implementers’ or organizations’ effec-
tiveness from differences in the populations and contexts in which they operate. Bloom, Hill, and
Riccio (2003) pool multi-site welfare-to-work experiments and relate local impacts to measured fea-
tures of program implementation. Hong, Deutsch, Kress, Trinidad, and Xu (2024) instead define an
organization’s relative effectiveness by comparing its performance with that of organizations facing
similar ecological conditions, using control outcomes and observed participant composition to ad-
just for those conditions. Relatedly, Angrist and Meager (2023) explain cross-study heterogeneity
in an educational intervention using take-up and whether teachers or volunteers delivered the pro-
gram. Our approach is complementary. It does not require the researcher to observe and model all
relevant implementation practices, or to assume that observed variables suffice to adjust for differ-
ences in local conditions. Instead, it uses a design in which two related treatments are delivered by
different providers within the same sites. Comparing their site-specific effects holds the site fixed,
and their covariance reveals whether the two treatments tend to succeed in the same environments.
Under the decomposition in (18), the variance of the difference between the treatments’ effects can
further indicate whether provider effectiveness contributes to cross-site heterogeneity. This advan-
tage comes with a narrower scope: the comparison requires multiple treatments delivered in the
same sites, and does not identify which provider practices account for differences in effectiveness.

3.5 Estimating LATESs’ heterogeneity in RCTs with imperfect compliance
3.5.1 Set-up

In this subsection, we assume that D = 1 and L = 2, and allow for imperfect compliance with
treatment assignment. Outcome O;1 is treatment take-up and outcome O;2 is the outcome of
interest. Let O;1(d) denote the treatment that a generic unit in site ¢ would receive if assigned
to arm d, and let O;2(d, 01) denote the potential value of the outcome of interest if the unit were
assigned to arm d and its treatment were set to o;. Thus, the assignment-indexed potential outcome
introduced above satisfies

O@z(d) = Oi,Q(da Oi,l(d))'
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Let

FSl = Oi,l(l) — Oi,l(O),
ITT; = 0;5(1) — 0;5(0).
Then, ups(S;) and urpr(S;) respectively denote site i’s first-stage effect and its intention-to-treat

(ITT) effect on the outcome of interest.

We impose the usual exclusion restriction and monotonicity conditions.

Assumption 6 (Exclusion and monotonicity). For every oy in the support of the received treatment,
Oi2(1,01) = 0;2(0,01) almost surely.

Moreover, for d € {0,1} O;1(d) € {0,1} almost surely,” 0;1(1) > 0;1(0) almost surely, and
urs(Si) > 0 almost surely.

The exclusion restriction states that assignment affects outcomes only through the treatment re-
ceived, while monotonicity rules out defiers.

Define the LATE of site 7 on the outcome of interest as

part(Si)
g;) = HrToy,
pLate(5) prs (Si)

Under Assumption 6, pparg(S;) is the average effect of the treatment on the outcome among
compliers in site <.

Let
FS = Eufurs(S)],  ITT = Ey[ure(S)]

denote the weighted average first-stage and ITT effects across all sites. The overall LATE is

ITT S

Thus, the overall LATE averages site-specific LATEs with weights proportional to w(S) times sites’
first stages.

For estimation, let fipg(S;) and Lrrr(S;) be the usual difference-in-means estimators. Unbiased
estimators of their variances and covariances can be obtained following Proposition 1. Apply (7)
to define CFg 11T, the corrected estimator of Covy,(prs(S), prrr(S)). Also let

/=Ly s T LS s @
FS= =3 a(s)irs(S), 0T =" a(S)fre(S), LATE= —
=1 i=1

"This condition ensures that results apply to site-specific LATEs. Without it, (22) below instead applies to site-
specific average causal responses (Angrist and Imbens, 1995). More generally, results in the spirit of (22) apply
to site-specific parameters that can be written as ratios with positive denominators, provided the numerators and
denominators admit unbiased estimators, whose variances and covariance can also be unbiasedly estimated. This
may accommodate suitably defined estimands with a scalar nonbinary instrument, though researchers need to verify
that their numerator and denominator estimators satisfy the stated requirements.
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3.5.2 Estimating a variance of LATESs across sites

We consider two target parameters. The first is the variance of site-specific LATEs under the
complier weights defining the overall LATE in (19):

ot are = Eu {MFFSE;S) {praTe(S) — LATE}ﬂ : (20)

The second uses weights proportional to w(S) times sites’ squared first stages:

prs(9)?

of At rs? = Bu [W{ﬂLATE(S) - LATEFS2}2] ; (21)

where
Ew [,uFS (S)QMLATE (S)]

Eo[prs(S5)?]
The squared-first-stage weights give greater importance to sites with stronger first stages. Such
weights also arise in saturated 2SLS regressions.?

LATEpg: =

If first stages are constant across sites, both variances equal Vary, (urrr(S))/FS?, which can be
consistently estimated using the corrected I'TT variance and the average first stage. In the remainder
of this section, we assume that first stages are heterogeneous. With heterogeneous first stages,
corrected estimators cannot be applied directly to site-specific LATE estimators: firpr(S;)/frs(S;i)
is a ratio and is generally not unbiased, and its estimated variance can be very large when the
estimated first stage is small. In an application to Head Start, Walters (2015) finds that this
approach yields a negative corrected variance estimate.

Instead, we propose estimators that use only moments of ITTs and first stages.

Proposition 5 (Identifying ai ATE.FS? and a lower bound for aﬁ ATE). Suppose Assumption 6 holds
and the moments below exist. Then

2 _ Ey[{parr(S) — LATEgge prs(5)}] (22)
LATE,FS2 — E, [MFS(S)Q] )

If Ey[prs(S)?] < FS,

2 > 42 _ Ey[{purr(S) - LATEurs(S)}?]
OLATE Z JLATE ‘= FS
n {Ey[prs(S)prrr(S)] — LATE X Ey[urs(S)?]}?
FS{FS - Ew [MFS(S)2]}
Eulprs(S)] T —
FS LATE,FS?2 FS — E, [MFS(S>2]

(LATEpg> — LATE)Q} .

Because first stages are strictly positive, o g2 Is zero if and only if LATESs are constant across

2
LATE,F
sites. Whenever the lower bound is defined, o? ;- has the same property. (22) and (23) can
therefore be used to test if differences in take-up alone explain I'TT heterogeneity.

8Theorem 3 of Angrist and Imbens (1995) shows that such regressions weight covariate-specific LATEs by the
conditional variance of the first-stage fitted value. With a binary instrument, this variance equals the squared
conditional first stage times the conditional variance of the instrument. With equally probable treatment assignment
in every covariate cell, the latter factor is constant.
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(22) follows from the fact that

prs (S)?{prare(S) — LATEpg2 }? = {purr(S) — LATEpgz irs (S) }2.

For (23), binary take-up and monotonicity imply 0 < pps(S) < 1. Since E,,[p1rT(S)—LATE pups(S)] =
0, the fact that

1= pps(S) = V(1 — s (9))urs (S)v/ (1 — prs(S))/prs (S)
and Cauchy—Schwarz imply

{Eu[urs(S){purr(S) — LATE pps(S)}}°
= {Eu[{1 — prs(S) Hpurr(S) — LATE pps(S) )}

< Eulprs(S){1 — prs(S)} Ey 1MFI;IES()){NITT( ) — LATE pps(5)}°

= {FS — Eu[urs(S)’]} {FS ofare — Ew[{urrr(S) — LATE pps(S)}7] } -
Rearranging yields (23). The equality below (23) follows by writing

MLATE(S) — LATE = MLATE(S) — LATEFSQ + LATEFSQ — LATE,
expanding the square, and using Eq, [urs(9)?*{praTe(S) — LATEpg}] = 0.

When first stages vary across sites, we conjecture that given the first and second moments of ITTs
and first stages, without outcome-support restriction g% ATE 18 @ sharp lower bound for O’I% ATE- We
leave the study of this conjecture for future work. If E,[urs(S)?] = FS, strict positivity of first
stages implies full compliance at every site; the complier-weighted variance then equals the I'TT
variance and is identified directly.

Turning to estimation, let

my = Ey[prs(9)?, r = Ey[prs(S)prrr(9)).

Then
r Covy (ups(S), prrr(S)) + FSITT

LATE = — =
PS5 g Vare (1rs(S)) + FS2

For a scalar [, define

v;(1) = prrr(Si) — Lirs (Si),
V,i(l) = Virr + Vi i — 2l(st,ITT i

n

gi(l) = %i(0)* = Vrall), — Ly
=1

3

The first two quantities are the estimated site effect on O;2 — [O; 1 and its estimated sampling
variance. Define

= Zw ) frs (S:) e (S;) — éFS,ITT,i}y

n

mg = - Z@(Si){ﬁFs(Si)Q — Visi},
i=1
LATEpq =7/M2,  §= Q(LATEpg:). (25)
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Our estimators are

~2 q
TLATEFS? = 5 (26)
and
_ Q(LATE) (7 — m2LATE)?
FS FS(FS — mg)

These expressions are used whenever their denominators are nonzero. Theorem 4 in Appendix A.3
establishes asymptotic normality and gives the influence functions and standard-error estimators

for both quantities. Estimating LATEg2 has no first-order effect on 6\5 ATE.FS2? whereas estimating

LATE generally contributes to the influence function of % ypg.

Comparison with existing approaches to LATE heterogeneity. To estimate the variance
of LATEs across sites, Walters (2015) estimates a parametric selection model with jointly normal
center-specific potential-outcome and compliance parameters. Adusumilli, Agostinelli, and Borgh-
esan (2024) use a grouped-random-effect model allowing compliance and treatment effects to be
jointly heterogeneous. Our approach identifies a squared-first-stage-weighted variance and a lower
bound for the complier-weighted variance without parametric restrictions on their joint distribution.
Angrist and Meager (2023) propose frequentist and Bayesian estimators of LATE heterogeneity with
few sites and many units per site, a different setting from the many-sites, few-units-per-site setting
considered here. Similarly, Walters (2015) uses an overidentification test of LATE homogeneity,
which tests whether sites’ I'TTs and first stages lie on a common line through the origin, up to
sampling error. The test’s conventional asymptotic justification applies with few sites and many
units per site, but it may not be valid in the many-sites, few-units-per-site setting considered here.

3.5.3 Estimating the covariance between sites’ LATEs and their first-stage effects

In this subsection, our target parameter is

S
OLATEFS = Ey MF;é ){#LATE(S) — LATE} pups(S) | - (28)

OLATE,FS is the covariance between site-specific LATEs and first stages under the same complier
weights as those defining the overall LATE in (19). It reveals whether sites with larger shares of
compliers also tend to have compliers who benefit more from treatment. A positive covariance is
consistent with Roy selection across sites: sites where compliers benefit more tend to have larger
shares of compliers.

Let
Covy (1rs(S), rrr(S)) _

BITT,FS = Var,, (urs(S))

Proposition 6. Suppose Assumption 6 holds, the moments below exist, and Var, (urs(S)) > 0.
Then,
Vary (purs(S))

FS (Brrr,rs — LATE) . (29)

OLATE,FS =
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Thus, op,aTE,Fs is positive if and only if the slope from the regression of sites’ I'TTs on an intercept
and their first stages exceeds the overall LATE. Equivalently, one can show that

Eu[rs(S)?]
FS

Thus, the covariance is proportional to the change in the mean LATE when moving from first-stage
to squared-first-stage weights.

We estimate (28) by

OLATE,FS = (LATEFsz — LATE).

Crs it — LATE Vg
FS

where Vig denotes the corrected variance estimator in (6) with X = FS. Appendix A.4 gives a

heuristic derivation of the influence function of GpaTE Fs.

OLATE,FS = , (30)

3.5.4 Relationships between LATEs across outcomes and treatment arms

In this section we study two targets: a weighted regression of one outcome’s LATE on other
outcomes’ LATEs within a treatment arm, and a covariance—variance ratio relating LATEs across
treatment arms. The latter uses different weights in its numerator and denominator and therefore
is generally not a regression coefficient.

To define these targets, we consider a more general setting, namely an RCT with two treatment
arms and J + 2 outcomes. Outcomes O; 1,...,0; j are the J > 2 outcomes of interest, while O; jy1
and O; j42 indicate take-up of treatments 1 and 2, respectively. For d € {1,2} and k € {1,...,J},
let

s, (S) = E[O; s1a(d) — O 54a(0) | Si =S|, prrr,, (S) = E[O;x(d) — Oix(0) | Si = 5],

respectively denote the site-specific first-stages of treatment d, and its I'TT effects on outcome k.
Then, let

prrr ()
HLATE, ; (S) = rs, (5)

denote the site-specific LATEs of treatment d on outcome k. We assume the analogues of Assump-
tion 6 for both treatment arms, and we assume that assignment to arm d does not affect take-up
of treatment d’ # d.? For positive random variables A(S), write

E,[A(5)Z(5)]

EAlZ(9)] =~ e

and use Var4 and Covy4 for the corresponding variance and covariance.

Our first target predicts the LATE of arm d on outcome 1 using its LATEs on outcomes 2 through
J. Let

praTEd,—1(S) = (tLATE,,(S), - -, MLATEd,J(S))T-
For d € {1,2}, define

B¢ = Varpg (prare.,-1(5)) ! Covpgz (Hrate,a,-1(5), hLATE,, (5)), (31)

9For instance, this holds automatically with one-sided imperfect compliance, where one can take up treatment d
only if assigned to it.
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whenever the variance matrix is nonsingular. This is the coefficient on pyaTgq,—1(5) from the
regression of yipaTE, , (S) on an intercept and ppaTE d,—1(S), under weights proportional to arm d’s

squared first stage. 4% can for instance be useful to estimate predictive mediation regressions as in
Section 3.3.1, but on LATEs instead of ITT effects.

Our second target, for each outcome k, is the covariance—variance ratio

Covrs,rs, (HLATE, ,,(S), HLATE, , (S))
Varpgz (LLATE, . (5))

By’ = (32)

ﬂ,? resembles the coefficient from a regression of arm 2’s outcome k LATE on arm 1’s outcome
k LATE. It is not literally a weighted least-squares coefficient, however, because its numerator
and denominator use different weights. To make the comparison precise, when the corresponding

weighted regression is well defined, let 5%2 denote the coefficient on MLATE; (S) from the regression
of ULATE, , (S) on an intercept and ppaTE, , (S), with weights proportional to w(S)urs, (S)urs, (S):

~15  Covrs,ps, (HLATE, ,, (), pLATE, . (S))  Varpsz(pLate, . (S)) |,
b VarFSlFS2 (,ULATELk (S)) VarFS1 FSo (,ULATELk (S)) ke

EE and BE have the same sign. Moreover, }2 = 6,12 when the two arms have equal first stages
within every site, or, more generally, when pups, (S) = curs, (S) almost surely for a constant ¢ > 0.
We focus on 6,12, because it can be expressed using only second moments of site-specific I'TTs and
first stages, whereas B,iz generally cannot. Finally, note that the two arms may have different
complier populations within each site. Consequently, the cross-arm association may reflect both
differences in treatment effectiveness and differences in complier composition.

Proposition 7 (Identification of cross-outcome and cross-treatment LATE relationships). Suppose
the analogues of Assumption 6 hold for each treatment arm d € {1,2} and each outcome k €
{1,...,J}, with binary take-up and prs,(S) > 0 almost surely. Suppose also that assignment to
one treatment arm does not change take-up of the other treatment:

Oi j+a(d) = O; y4+a(0)  almost surely for d,d € {1,2}, d #d'.
Assume Ey[prrr, , (5)%] < oo for every d € {1,2} and k € {1,...,J}.

1. For each d € {1,2} such that VarFsi(,uLATE,d,,l(S)) is nonsingular, and for j € {1,...,J},
let

LATEd,j,FS?l = ]EFSZ [MLATEd,j (S )]-

Then B% is the coefficient from the w-weighted regression without an intercept of

prTy, () — prs, (S)LATE  pg2
on T
(MITTd,z(S ) = 1rs, (S)LATE 5 ps2, - -, purry , (S) — s, (S )LATEd,J,Fsg)

2. For each k € {1,...,J} such that Vargpgz (pLate, , (5)) >0,

Eo[prrr, , (S)rT,, (S)]  Buwlprs, (S)purrr, , (S)]Ew(urs, (S)prTT, ), (5)]

612 _ Ey [MFS1 (S)MFSQ(S)] B Ew[MFS1 (S)MFS2 (S)]2 (33)
g Eulprr,, (5)*]  Ewlprs, (S)urr,, (5))?
Eq, [MFS1 (5)2] Ey [IUFS1 (5)2]2
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Thus, both targets depend only on second moments of site-specific ITTs and first stages. Under the
sampling and moment conditions ensuring consistency of the corrected second-moment estimators,
both targets can therefore be consistently estimated. Appendix A.5 gives estimators of 3% and B,?
and heuristic derivations of their influence functions.

3.6 Extensions and avenues for future research
3.6.1 Estimating effect heterogeneity in other RCTs

Replacing sites by strata, the estimators above can also be used to estimate and predict treatment-
effect heterogeneity across strata in any stratified RCT, irrespective of whether the strata corre-
spond to geographic sites, provided every treatment arm contains at least two units in each stratum
(resp. three units if one wants to estimate centered third moments), under analogues of our sam-
pling assumptions. The estimators above are therefore not applicable to paired RCTs. If one is
interested in estimating effect heterogeneity across strata, this may be an argument to use larger
strata, such as strata of four in a two-arm experiment.

We conjecture that our results are also applicable to nonstratified RCTs. Suppose that instead
of separate randomizations within sites, a single completely randomized experiment is conducted,
with fixed overall treatment-arm sizes. Let C = ((Ng;)7_,)", denote the realized site-by-arm
count table. Conditional on C, the assignment vectors are independent across sites and, within
each site 7, assignment is uniform over all allocations having arm sizes (Ng;)%_, (Miratrix, Sekhon,
and Yu, 2013).19 Thus, conditional on C, the nonstratified experiment is equivalent to independent
stratified experiments conducted within sites. This suggests modifying Assumption 2 by excluding
the arm sizes from the vectors drawn independently across sites, because the Ny ; are now generated
by the single randomization and are dependent across sites, and replacing Assumption 3 by its
conditional-on-C' counterpart. For sites such that N;; > 2 for every d, the site-specific estimators
remain unchanged after inserting the realized arm sizes, and their conditional unbiasedness and
variance-correction properties continue to hold. Assuming N; > 2(D+1) almost surely, one possible
approach to retaining the original population target when aggregating across admissible sites is to
replace W (S;) by

AW (S;
17(»7 A; = 1{Ng; > 2 for every d},
pi
where p; is the probability that A; = 1, conditional on the realized site sizes and the overall

treatment-arm totals. This approach requires positive inclusion probabilities and suitable moment
conditions on the inverse-probability-weighted contributions. Establishing consistency and asymp-
totic normality would require accounting for both within-site estimation error and the randomness
of the count table C. In particular, a conditional central limit theorem would need to be comple-
mented by an analysis of fluctuations in the estimator’s conditional mean around the population
target. Developing these results is an interesting extension for future research.

3.6.2 Application to other research designs

Moment-correction arguments may also apply to other research designs that provide unbiased
site-specific effect estimators and unbiased estimators of their variances. For instance, consider a

10T heir formal result considers binary treatment; the extension to multiple arms follows from the same multinomial
counting argument.
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two-period panel satisfying no anticipation and within-site parallel trends. If treated and control
units are independent i.i.d. samples within each site, the difference between their average outcome
changes is unbiased for the site’s superpopulation average treatment effect on the treated. With
at least two observations in each arm, the estimator’s variance can be unbiasedly estimated. This
provides a route to applying our methods to difference in difference estimation. Teachers’ value
added offers another potential application, which would require specifying conditions under which
teacher-specific estimators and their variance and covariance can be unbiasedly estimated.

4 Application: the effects of publicly- and privately-provided coun-
seling for job seekers

4.1 Study design and data

Behaghel, Crépon, and Gurgand (2014) conduct an RCT in 216 local Public Employment Service
(PES) offices in France to compare the public and private provision of counseling to job seekers.
During their first interview at the local PES office, 43,977 job seekers are randomly assigned to
one of three groups. The control group receives the standard services provided by the PES. The
other two groups are assigned to intensive counseling programs delivered either by the PES or by a
private provider. In this application, PES offices are the sites and job seekers are the randomization
units. When analyzing the public program, we exclude 16 PES offices where less than two units
were assigned to that arm or to the control group. For the private program, the corresponding
sample restrictions lead us to exclude 12 PES offices.

Compliance with assignment is imperfect. Almost no job seeker assigned to the control group
receives intensive counseling, but only 32% of those assigned to public counseling and 43% of those
assigned to private counseling enroll. Our main outcome is an indicator for holding a job six months
after randomization, one of the three main employment outcomes considered by Behaghel, Crépon,
and Gurgand (2014). Results are similar for their other employment outcomes. We weight sites
using the weights in the original study.

The study has both limitations and strengths for our purposes. The data do not contain potential
mediators such as measures of job-search effort, precluding the mediation analyses discussed above.
Moreover, because randomization takes place within local labor markets, the programs may generate
displacement effects. The estimated effects are therefore partial-equilibrium effects. On the other
hand, in every site, two similar programs are delivered by different providers, thus allowing us to
assess if effect heterogeneity is driven by providers’ effectiveness or by sites’ responsiveness.

4.2 Estimating the variance of ITTs across sites

Table 1 shows that the estimated average effects on employment after six months are 2.4 percent-
age points (pp) for public counseling and 1.9 pp for private counseling. Those averages conceal
substantial heterogeneity. The estimated variances are positive and statistically significant for both
programs. The estimated standard deviations of site-specific effects are 9.2 pp for public counseling
and 8.5 pp for private counseling, about four times their respective average effects.

The estimated centered third moments are positive but not statistically significant. Thus, there is
no evidence that the distribution of site-specific effects is asymmetric. Dividing each estimator by
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Table 1: Variance and centered third moment across sites of counseling effects on employment
T Ghy \/o%/ITT e Units

(1) (2) (3) (4) ()

Public counseling 0.024 0.0084 3.809 0.00063 7,198
(0.011) (0.0037) (0.00137)

Private counseling  0.019 0.0073 4.478 0.00008 34,768
(0.008) (0.0022) (0.00069)

Notes: The outcome is an indicator for holding a job six months after randomization. Column (1) reports the
weighted average ITT effect. Column (2) reports the corrected variance estimator in (5). Standard errors, based
on the influence functions in Appendix A, appear in parentheses. Column (3) divides the estimated standard
deviation of site-specific effects by the corresponding average effect. Column (4) reports the corrected centered
third-moment estimator in (9), using sites with at least three treatment and three control observations: 194 sites
and 7,154 units for public counseling, and 201 sites and 34,709 units for private counseling. Columns (1)—(3)
and (5) use sites with at least two treatment and two control observations. Results use data from Behaghel,
Crépon, and Gurgand (2014).

the estimated variance on its estimation sample raised to the power 3/2 yields implied skewnesses
of 0.87 for public counseling and 0.13 for private counseling. Because the outcome is binary, site-
specific ITTs are bounded between —1 and 1, ruling out the unbounded tails of the heavy-tail,
high-skewness simulation design in which confidence intervals based on analytic standard errors
undercovered (Appendix B).

4.3 Regressing sites’ I'TTs on their average untreated outcome

Column (1) of Table 2 reports measurement-error-corrected regressions of site-specific effects on
sites’ average untreated outcome. The coefficients are negative for both programs and especially
large and precise for private counseling. For that program, the untreated outcome explains almost
one half of the variance in site-specific effects. Intensive counseling thus tends to be more effective
in sites where job seekers would otherwise have lower employment rates. Column (2) reports
regressions of site-specific effects on the local unemployment rate, which we are able to recover for all
but one site. We find no statistically significant relationship between local unemployment and either
program’s effect. This does not contradict the results in Column (1). The local unemployment rate
is an imperfect proxy for the labor-market conditions facing the RCT’s population, which consists
of job seekers at high risk of long-term unemployment. Regressing the control-group employment
rate on local unemployment produces significantly negative coefficients, but measurement-error
corrected R?s are equal to only 0.134 and 0.100 for the public- and private-program samples,
respectively. Finally, the naive regressions in Table 2 illustrate the importance of correcting for
estimation error when the predictor is estimated. In Column (1), the naive coefficients differ from
the corrected coefficients, and their conventional standard errors are much smaller. On the other
hand, when the predictor is measured without error, as is the case in Column (2), both approaches
yield the same coefficient and very similar standard errors.

The association between sites’ ITT effects and untreated outcomes may just be due to heteroge-
neous job seeker characteristic across sites, which correlate with both the untreated outcome and
the program’s effect. To investigate this possibility, we follow Behaghel, Crépon, and Gurgand
(2014) and estimate, in the control group, a job-seeker-level logistic regression of employment on 43
characteristics measuring education, previous employment and unemployment histories, and reser-
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Table 2: Predictors of site-specific counseling effects
Untreated outcome Unemployment rate

(1) (2)

Panel A: Public counseling

IS —0.480 —0.034
(0.307) (0.265)
R2 0.124 0.0002
Naive coefficient —0.850 —0.034
(0.081) (0.266)
Sites 200 199
Panel B: Private counseling
B —0.804 0.095
(0.126) (0.242)
R2 0.496 0.002
Naive coefficient —0.939 0.095
(0.036) (0.242)
Sites 204 203

Notes: Each column reports a separate weighted regression of site-specific I'TT effects on the indicated site
characteristic. The untreated outcome is the site’s control-group employment rate after six months. The
corrected coefficient and R? use (8) and (45). Standard errors, based on the influence functions in Appendix A,
appear in parentheses. Naive regressions do not correct for measurement error. The corrected and naive
coefficients coincide in Column (2) because the unemployment rate is measured without error. Results use data
from Behaghel, Crépon, and Gurgand (2014).

vation wages. We average the fitted values within each site to obtain its predicted employment rate
without treatment. Finally we decompose the site’s actual employment rate without treatment into
this prediction and a residual. The predicted employment rate without treatment does not predict
treatment effects. By contrast, the residual is strongly negatively related to effects, as shown in
Table 3. This suggests that the relationship between untreated outcomes and treatment effects is
not driven by heterogeneous job seeker characteristic across sites.

The negative association between sites’ ITT effects and untreated outcomes may be useful for
targeting. Although a site’s untreated outcome is unavailable before treatment, the employment
rate of an earlier cohort of similarly eligible job seekers could serve as a proxy.

4.4 Sites’ responsiveness or providers’ effectiveness?

If heterogeneity were driven entirely by differences in provider effectiveness, the effects of the two
programs need not be related because public and private counseling are delivered by different
providers within a site. Conversely, a positive association would indicate that the programs tend
to work well in the same places and would therefore point toward a role for sites’ responsiveness.

Following Proposition 4, we first estimate O'2A, the variance across sites of the difference between the
private and public programs’ effects, using the 200 sites in which all three arms have at least two
units. The estimate is 0.0072, with a standard error of 0.0025, so we reject the null that O'QA = 0.
Under the conditions of Point 1.b) of Proposition 4, this implies that providers’ effectiveness, and
/ or sites’ relative responsiveness to the two programs, contribute to effect heterogeneity. Were the
two programs’ effects uncorrelated across sites, O'QA would be approximately equal to the sum of
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Table 3: Job-seeker composition and site-specific counseling effects
Predicted untreated outcome Residual untreated outcome

(1) (2)

Panel A: Public counseling

B 0.032 —0.679
(0.304) (0.356)

R2 0.198

Sites 200 200

Panel B: Private counseling

] 0.029 —0.978
(0.125) (0.113)

R2 0.681

Sites 204 204

Notes: Each panel reports one multivariate regression of site-specific I'TT effects on the site’s predicted untreated
employment rate and the residual component of its control-group employment rate. Predictions are obtained
from a job-seeker-level logistic regression using 43 baseline characteristics. Coefficients correct for measurement
error in the site-level variables. Standard errors, based on the influence functions in Appendix A, appear in
parentheses. Results use data from Behaghel, Crépon, and Gurgand (2014).

their variances in Table 1, about 0.016. The estimate is less than half that, suggesting there is a
positive covariance between the two programs’ site-specific effects. Indeed, regressing the public
program’s site-specific effect on the private program’s effect, correcting for estimation error in both
variables, yields a coefficient of 0.563 (standard error 0.215) and an R? of 0.277.

Overall, the difference between the programs’ effects varies significantly across sites. This variation
can reflect differences in provider effectiveness, differences in sites’ relative responsiveness to the
two programs, or both. The positive association between the programs’ effects is consistent with
a role for shared site responsiveness, although correlated provider effectiveness could also generate
this association. These results do not separately identify the contributions of providers and sites.

4.5 Estimating and predicting LATEs’ heterogeneity

We first document substantial heterogeneity in first-stage effects across sites. Table 4 shows that
assignment to public and private counseling increases enrollment in the corresponding program by
31.2 and 40.2 pp on average, respectively. The estimated standard deviations of first-stage effects
across sites are approximately 10 and 11.8 pp, respectively, amounting to 32% and 29% of the
corresponding average first stages.

We next assess whether sites with more compliers also have compliers with systematically different
gains. As shown in (29), the sign of the covariance between sites’ first stage and LATE effects
is the sign of Brrrrs — LATE. Table 5 reports estimates of this difference. They are negative
and insignificant for both programs, so we cannot reject the null that site-specific LATEs and first
stages are uncorrelated.

Table 6 shows that the estimates of the average LATEs are equal to 7.7 pp for public counseling
and 4.8 pp for private counseling. The lower bounds for the complier-weighted variances of LATEs
are both positive and statistically significant. They imply estimated standard deviations of site-
specific LATEs of at least 16.4 and 13.4 pp for public and private counseling, respectively, about
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Table 4: Variance of first-stage effects across sites
FS 62 /0%g/FS  Units
(1) (2) (3) (4)
Public counseling 0.312 0.010 0.320 7,198
(0.009) (0.003)
Private counseling  0.402 0.014 0.293 34,768
(0.004) (0.002)

Notes: The outcome is enrollment in the assigned intensive counseling program. Column (1) reports the
weighted average first stage. Column (2) reports its corrected variance across sites. Standard errors, based
on the influence functions in Appendix A, appear in parentheses. Column (3) reports the estimated standard
deviation relative to the average first stage. Results use data from Behaghel, Crépon, and Gurgand (2014).

Table 5: Association between site-specific first stages and LATEs
EITT,FS — LATE Standard error  Units
(1) (2) (3)
Public counseling —0.086 0.224 7,198
Private counseling —0.081 0.095 34,768

Notes: Column (1) reports the statistic whose sign identifies the sign of the complier-weighted covariance
between site-specific LATEs and first stages, as shown in (29). Column (2) reports its standard error. Results
use data from Behaghel, Crépon, and Gurgand (2014).

2.1 and 2.8 times the respective overall LATE. Under squared-first-stage weights, which give more
importance to sites with stronger first stages, the estimated average LATESs are slightly lower, at
6.9 and 4.1 pp, respectively. Still, the similarity of LATEs under first-stage and squared-first-
stage weights indicates that changing the weights does not materially shift the center of the LATE
distribution in this application. With these weights, the estimated LATE variances are again
positive and statistically significant, and the estimated standard deviations of site-specific LATEs
are approximately 28.1 pp for public counseling and 20.5 pp for private counseling, about four and
five times the respective weighted average effects.

Table 6: Variance of LATEs across sites
LATE Giarp LATEgpg: 07,4 Units

(1) (2) (3) (4) ()

Public counseling 0.077 0.027 0.069 0.079 7,198
(0.044) (0.012)  (0.048) (0.034)
Private counseling  0.048 0.018 0.041 0.042 34,768

(0.025) (0.005) (0.024) (0.013)
Notes: Column (1) reports the overall LATE under the complier weights in (19). Column (2) reports the
estimated lower bound for the complier-weighted LATE variance in (27). Column (3) reports Impsz =7/mq
n (25). Column (4) reports the squared-first-stage-weighted variance estimator in (26). Standard errors appear
in parentheses, using (58) for Column (1), (57) for Column (2), (50) for Column (3), and (56) for Column (4).
Results use data from Behaghel, Crépon, and Gurgand (2014).

Finally, following Section 3.5.4 we relate the two programs’ site-specific LATEs. Letting the private
program be arm 1 and the public program be arm 2, 5'2 in (32) is the analogue, for LATEs, of
the regression of the public program’s site-specific effect on the private program’s effect reported
in Section 4.4. Using the 200 sites where all three arms have at least two units, the estimator in
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(66) is equal to 0.728, with a standard error based on (69) equal to 0.274 . The positive correlation
between the programs’ effects therefore persists when considering LATEs instead of ITTs.

5 Conclusion

We develop methods to investigate treatment-effect heterogeneity across sites in multi-site RCTs,
even when each site contains too few observations to estimate its effect precisely. Combining estab-
lished and new measurement-error corrections, we estimate the variance and centered third moment
of site effects, as well as coefficients from regressions relating site effects to their untreated outcomes
or to their effects on other outcomes, including potential mediators. We construct confidence inter-
vals that are asymptotically valid as the number of sites grows, even when the number of units per
site remains bounded. With imperfect compliance, we also identify a squared-first-stage-weighted
variance of site-specific LATEs and a lower bound for their complier-weighted variance, allowing
researchers to assess whether differences in take-up alone explain ITT heterogeneity.

Our application to public and private counseling programs for French job seekers illustrates why
looking beyond average effects matters. Average employment gains of approximately 2 percentage
points conceal cross-site standard deviations of ITT effects of 8-9 percentage points. We also find
substantial LATE heterogeneity, so differences in take-up cannot fully explain the variation in ITT
effects. Estimated effects are larger in sites with lower untreated employment rates. Finally, the
public and private programs tend to be more effective in the same sites despite being implemented
by different providers. This pattern is consistent with a role for site responsiveness, although
correlated provider effectiveness could also explain it.
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A Estimators’ influence function and inference

A.1 Variance, regression, and centered-third-moment estimators

Let
Yos = w(S) [{Biy (S) = Buluy (S))Y* = Vi = 0?] (34)
¥p = Vary (ux (9) ™ w(S) [ {ix (81) = Bulix ({7 (5) = Eulpy (9] = {7ix (S) — Eulpx ()]} 78}
— aXY,i + ‘/}X,iﬂ] (35)
Yo = 0(5) [ {7y (5) = Eulpy (]} = 3y (S) = Eulpy ()} Vv + 30y v — Ky = ry
— 302 {7 (S1) — Euluv (5)]}]. (36)

Lemma 1 and the definition of 3 imply E[¢),2 ;] = 0, E[tg;] = 0, and E[¢),, ;] = 0.
Assumption 7 (Conditions for estimating 02). (i) E[w(S;)*{1 + 11y (S;)?}] < .
(it) E[2, ] < oo,

Assumption 8 (Conditions for estimating 8). (i) E[w(S;)2{1+|7ix (S)|*+7y (S:)?}] < oo and
E[w(S7) |l7ix (5:)|°] < oo

(i) For every (j,k) € {1,...,K}?,
E |w(5’i)‘7x7i7jk| < 00,

where ‘7X,i,jk denotes the (j, k) entry of the matriz ‘A/Xﬂ'.
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(17i) Vary,(ux(S)) is positive definite.
() Efll¢g,

Assumption 9 (Conditions for estimating xy). (i) E[w(S;)?{1 + 11y (S;)?}] < cc.
(id) Bflw(S:){Av (5:)* = Vil < oo.

(iii) E[p2 ;] < oo.

‘]

< 00.

Assumptions 7(ii), 8(iv), and Assumption 9(iii) are imposed directly on the influence functions.
Stronger primitive sufficient conditions could instead be imposed on the estimated conditional
means and on the estimated variances and covariance.

Let
b = 0(S:) [{v (50) = Biy ¥ = Vs = 7] (37)
B = Var(ux ($)) 7@ (S5) [{7ix (8:) = i v (8) = Ty = {7ix (8) = ix } 75}
— Cxy,i + VX,zﬂ] (38)
Uy i = B(S;) [{ﬁY(Sz') — iy Y® = 3{iv (i) — Ay} +3Cy v — Ky, — Ry
— 353y (S) — v }]. (39)
Let
~ g
Vor =~ Zl V22, (40)
~ 1 < ~
Vs=—> vpilj, (41)
i=1
. 1<
Viy = Z@Y (42)
i=1

Assumption 10 (Additional conditions for estimating V).

E[w(S)? ||fix (S]] < oo, E[w(Si)Z‘?)%?i,jk] < oo forevery (j, k) € {1,..., K}2

The following theorems establish conditions under which &2, B\, and Ky are /n-consistent and
asymptotically normal. They derive the estimators’ influence functions and show that the asymp-
totic variances of 5% and 3 can be consistently estimated. To preserve space, we do not prove that
Vi, 1s consistent for the asymptotic variance of Ky, but this result holds as well.

Theorem 1. Suppose Assumptions 1 and 7 hold. Then
V(6 —o%) = ==Y ty2; + op(1). (43)

Consequently,

Moreover,



Remark 6 (Possibly negative variance estimator). (5) shows that G2 can be negative in finite
samples, even though o2 > 0. Truncating the estimator at zero changes its asymptotic distribution
if 0% = 0 and is therefore not imposed here.

Theorem 2. Suppose Assumptions 1 and 8 hold. Then \//a\r(,uX(S)) s nonsingular with probability
approaching one and

VaB-p) = jﬁ >t op(1). (44)

Consequently,
~ d
V(B —B) == N(0,Vp),  Vg:=E[fp gl
Moreover, if Assumption 10 further holds,

Vﬁ — Vg.

If 02 > 0, the R? of the weighted population regression of py (S) on a constant and ux (S) is

o _ Varu(ux(9)T8) _ BT Varu(ux(S))8
Vary (uy (5)) o ‘

Whenever B and the ratio below are well defined, we estimate R? by the plug-in estimator

2 BT Var(ux(8)8 (45)

o2

Because the corrected variance estimators need not be positive semidefinite in finite samples, R?
need not belong to [0, 1].

Theorem 3. Suppose Assumptions 1 and 9 hold. Then
1 n
VaRy —ky) = —= Y ¥y i + op(1). (46)
i

Consequently,
Vi(Ry = ky) =5 N0, Vey), Vi =E[2, .

A.2 Inference on the mediation residual variance

The first-step estimation of Byeq does not contribute to the asymptotic variance of 2. To see this,
write

052 = Vary, (uy (S) — Pmeaptx (5))

and, for any scalar b, let 52(b) denote the estimator in Section 3.3.3 with B\med replaced by b. By
construction,

52(b) = Var(uy (S)) — 2bCov(ux(S), v (S))
+ 0 Var(px(9))-
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For compactness, let
Vo= Var(uy(9)), Vi =Var(ux(s)),  Crz = Cov(ux(8). sy (S))-
With this notation, B\med = 6’12 / 171 Therefore, for any scalar b,
52(b) = Vo — 2bC1o + b*V)

oo C
=V Vi {p? — 222
i

~ 2 ~ 2
~ A C C
%1 %]
2

~ C —~ —~
=Vo— L2 4+ Vi(b— Bmed)*
1%}

Since 52 = 52 (Bmed), evaluating the last display first at b = Emed and then at b = Bpeq yields

z =
33 - ag(ﬁmed) = _‘/;i(gmed - Bmed)2 = O[P’(nilm)-

Here, the final equality follows because B\med is y/n-consistent and the corrected regressor variance
converges. Therefore, the influence function of 2 is

Vo2

£

o = w(S0) {7y (5) ~ Buealix (52) — Euluy (S) — Bmearix (S)]}
- VYJ - /3r2ned‘7X,z' + 2ﬁmedaXKi - 03},

which can be estimated by

Bozs = B(S) [{7(8) — 7} = Ve = 52

£

Under the conditions of Theorems 1 and 2 and the corresponding moment conditions for the
transformed outcome

Yi = BmeaXi = O0i2(1) — 0 2(0) — Bmea{Oi,1(1) — 0;1(0)},
one can show that N
1
~2 2
\/ﬁ(as - Us) = % ZZ; %Z)ag,i + O[P’(l)7

and .

~ 1 ~

Vor = Z%zm‘

i=1

is a consistent estimator of the asymptotic variance of 2.

One can therefore test the implication of (14) in (16) by comparing v/n 52/ 17012/ ? to standard normal
critical values.
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2

2
A.3 Inference on o7y and o} ATE,FS?

Use the estimators and notation from Section 3.5.2, and let

Q() = Eu[{prr(S) — lurs(S)}?),  ¢=Q(LATEpg:),  h= Q(LATE).

For the lower bound, write § = FS —ma > 0 and d = 7 — msLATE, so that o? yop = (h+d?/8)/FS.
Define

Vg = w(9i){gi(LATEgg2) — g}, (47)
Ypgz; = w(Si){frs(Si)? — Vesi — ma}, (48)
B Ya,i — UEATE,FS2wFSQ,i (49)
UEATE,FSQ’i a mso '
As LATEg2 minimizes Q((), its estimation has no first-order effect on g. With
VYri = w(S;){irs (Si) rrr(Si) — aFS,ITT,z’ -},
the influence function of its estimator is
Yri — LATEpq2tpg2 ;

YLATE, i = — Saalal) (50)

m2

For the lower bound, define the influence functions of the average first stage and overall LATE:

I SZ o Sq, — LATER Sz
Yrs,i = w(Si){#irs(Si) — FS}, YLATE,; = w(Si) i )FS firs >}-

The derivative Q' (LATE) = 2(moLATE — r) need not vanish. Consequently, define
1/1]1’2' = ’LU(SZ){gl(LATE) — h} + 2(m2LATE - T)¢LATE,i7 (52)
Va; = ¥ri — LATEYpg2 ; — matrare,,
Ysi = Yrsi — Yps2;
s _ Yni+ (2d/0)va; — (d*/6%)eps; — Q%ATEd}FS,i.

L ATE FS

(51)

The extra term in (52) accounts for estimating the centering constant LATE.

Assumption 11 (Conditions for estimating o The random variables iy, Vg, and Ypg2

2 )
LATE,FS2/*
have iinite second moments.

Assumption 12 (Additional conditions for estimating the lower bound). The first-stage moments
satisfy 6 = FS —mg > 0, and

E[w(Si)2{1 + ;/ZITT(SZ')QH < 0.

Theorem 4. Suppose Assumptions 2, 3, 6, and 11 hold.

1. Then n
1
~2 2 _
\/E(O-LATE,FS2 - ULATE,FSQ) = % Z ¢UEATE pg2 ot + op(1). (54)
i=1 ’
Consequently,
\/’ﬁ<32 , — 02 2)i>N(0,V2 , V 2 ::E[w% 1.
LATE,FS LATE,FS ILATE,FS2 ILATE,FS2 O ATE Fs2 7"
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2. Suppose Assumption 12 also holds. Then

n

1

V@ arE — CiaTe) = NG D e, it or(l). (55)
i=1
Consequently,
~2 d
Va(@tare — oiare) — N(O, VgiATE)? o2 g EW%ATEJ‘]'

For implementation, set

Gai = ©(5:){g:i CATEgg) — 7},
bpsz; = ©(Si) {firs(Si)? — Vs, — 2},

~ Ya,i ULATE,FSQwFSQJl
wUQ P ~ )
LATE,FS2’ meo
Ursi = ©(Si){firs(S:) — FS},
~ —w(Si){urrr(Si) — LATEfirs(S;)}
YLATE,i = — ,
FS
h = Q(LATE),
Uni = B(Si){g:(CATE) — h} + 2(sLATE — 7)¢pate i

d=7—meLATE, 8 =FS — iy,
bri = (i) {firs (Si)frrr (Si) — Crs rrryi — 7,
bai = bri — LATEI/)FS2 — oYL ATE s
Vsi = Vrs — Vg2,
~  n + (2d/8)a; — (42 /825 — GaTetrs,
o aTed 7S :

The asymptotic-variance estimators are

V2 == Z (56)
ILATE,FS2 LATE FSQ’
i _ - 2
giATE - n Z wEiATE,i' (57)
=1

A.4 Inference on the covariance between sites’ LATEs and first-stage effects

We give a heuristic calculation of & f oLATE Fs ’s influence function, using ¥rs ; and Y1,arE,; defined in
(51). The influence functions of C’Fs T and VFS are, respectively,

wCFS,ITTﬂ; = w(Si) [{ﬁFS(Sl) - FS}{//ZITT(Si) - ITT} - aFS,ITT,z’ - COVw(NFS(S)a ,UITT(S)) >

VVpsi = w(S;) [{ﬁFS(Si) — FS}Y? — Vs, — Varw(MFs(S))]-
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A ratio expansion gives
n
— 1
Vn(LATE — LATE) = 7n Z YLATE, + op(1). (58)
i=1

Applying the delta method to (30) gives

1

TS (Yepgrrrsi — LATE vy i — Vary (urs(S))YLATE,: — OLATE FSUFS,i) - (59)

YLATE,FS,i =

This suggests estimating the asymptotic variance by replacing all population quantities in (59) with
their sample analogues and averaging the squared estimated influence functions across sites.

A.5 Estimation of, and inference on, 3¢ and 32

For any two site effects A and B considered below, let
Mg = Eulpa(S)ps(S)],
— 1 <& ~
Map = > @D (S){fia(S)iB(Si) — Capi} (60)
i=1
where C A,B,; estimates the conditional covariance of the two site-effect estimators. The influence
function of M4 p is

Vi = w(S){Aa(S)B(S) — Capi — Map}. (61)

The formulas below are heuristic and require the same types of moment and nonsingularity condi-
tions as Theorem 2.

A.5.1 LATESs for several outcomes under the same treatment arm

For j € {1,...,J}, estimate the squared-first-stage-weighted mean LATE by

MEs, 11T,

Imd’j’FS?‘ - Mps, s, %
For each site, form
ﬁd,j(si) = firrr,, (Si) — ﬁFSd(Si)ﬁd7j7Fsg-
The conditional covariance correction for ﬁd,j(Si) and ﬁd,g(Si) is
aUd,j,Ud,e,i = GITTdJ,ITTd’g,i - Iﬁ&g’FSgaTTd,j,Fsd,i
- de,j,psgand,lTTd,e,i + Imd,j,FSZImd,é,Fsﬁf}Fsdﬂ' (63)

Stacking outcomes 2,...,J in ﬁd,—l(Sz’), the estimator is

n n

-1
- 1N . . - 1N . . .
Bl=|= Z W(S){Ua,_1(S))Ug,_1(S:) " — VUd,l,z'}] [n Z W(Si{Ua,~1(S:)Ua,1(Si) — Cuy_y U441}

n “ N
i=1 =1
(64)
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Let Ud,j(S) = [MTTgy; (S) — MFSd(S)LATEd,j7FSfi7 and
Uaji = firrny,; (Si) = firs, (Si)LATE  pea.

For j,¢ € {1,...,J}, let 6'Ud,j,U,1,g,z' denote (63) with the estimated weighted LATEs replaced by
their population counterparts. Stack ﬁd&i,...,ﬁd,h in Ug_1;. Let the (j,f) entry of VUg 1.

be 6Ud,j7Ud,éai and the jth entry of 5’Ud,—17Ud,17i be Cuy, ; U41.i> for j, b € {2,...,J}. The influence
function of (64) is

Vge = EulUa, 1 ($)Ua,1 ()1 w(S) [T 1,0 — U7 148
- 6Ud,—17Ud,1>i + ‘N/Ud,—mﬂd} : (65)

Estimation of the weighted mean LATEs in (62) has no first-order effect. Indeed, their definition
implies the orthogonality condition

Ey[prs, (S)Ua,;(5)] = 0.

Then, one can show that the derivatives of E,[Uqg;j(S)Uqr(S)] with respect to LATE, ; gz and
LATEd,E,FSj are zero.

A.5.2 LATEs for the same outcome under two treatment arms

The plug-in estimator of (33) is

012
Bt =L, (66)
Vk,1

where

Mirr, arr,,  Mrsy it Mrs, T, ),

A2
gz = 70 L
MEs, Fs, Mis, Fs,

I

—~ /\2
1 Mirr, arr,, MEs, iy,
k - — - — .
2
MFSlstl MFsl,FS1

Let 0%2 and Vk1 denote the probability limits of the preceding two displays. Applying the quotient
and product rules to their corrected moments gives
YITT,  ITTy i MITT , ITT, VRS, FS i

bom = - i
F MFSI:FS2 MFsl,FSQ

MES, 11T, YRS, ITT, 1,i + MES, 11T, VRS, ITTy i

p
MF81 JFSo
2Mrs, 11T, , MFS, ITT, YRS, FSy i

I ; (67)
FS1,FSo
T, ITT g MITT T VRS, FS, i

71’V1,i - -

2
k MFSl,Fsl MFsl,Fsl

2 A
2MES, 11T, VFS ITT, i 2MEs, 17T, YFS1FS .
B M MRV ‘ (68)
FS1,FSl FslyFsl
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Therefore,
. 7/10,12,1‘ - ﬁl?wv,j,i
= Vkl .

B Simulations

We simulate multi-site RCTs with n sites. Site i has an untreated mean a; ~ N(0,0.22) and an
average treatment effect 7, = 0.1 — 0.5c; + ¢;, where e; is independent of «;, has mean zero and
standard deviation 0.3, and is drawn from one of four distributions: normal; Laplace, which is
symmetric with heavier tails than the normal; a Beta(2,5) distribution, which is right-skewed with
bounded support; and an exponential distribution, which is right-skewed with a long tail. Their
standardized skewnesses are 0, 0, 0.6, and 2. Site 7 has Ny ; treated and Ng; control units, drawn
independently and uniformly from {8,...,25}, and receives weight W(S;) = Ni; + No;. Unit
outcomes are Oy ;(0) = a; + 0.5(Ey; — 1) and Oy ;(1) = O0,(0) + 7 + O.3(E{M- — 1), where E,;
and E{H are independent standard exponential variables, so that unit-level errors are skewed. The
targets are 02 = Var,(r;) = 0.1, 8 = —0.5, the coefficient from the regression of 7; on «; as in
Section 3.2, and x = E,[(1; — Ey[r])?], which equals 0.3% times the standardized skewness of e;.

For each design we draw 1,000 samples and compute 52, B , and Ky with the estimators of Section 2,
applied to the site-level estimators and corrections of Proposition 1. Table 7 reports the coverage
rates of nominal 95% confidence intervals based on the influence functions (IFs) in Theorems 1 to 3.
For 02 and Ky, it also reports the coverage of intervals from a studentized site-level bootstrap with
999 replications: sites are resampled with replacement, the estimator and its influence-function
standard error are recomputed in each bootstrap sample, and the interval is formed with critical
values equal to the 2.5th and 97.5th percentiles of the bootstrapped t-statistics. Panels A to C
use 50, 100, and 200 sites and all four distributions. Panel D uses larger numbers of sites for the
exponential distribution.
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Table 7: Coverage rates of nominal 95% confidence intervals

02 (Theorem 1) 3 (Theorem 2)

ky (Theorem 3)

Distribution of site effects IF  Bootstrap IF IF  Bootstrap
(1) (2) (3) (4) (5)
Panel A: 50 sites
Normal 0.904 0.947 0.919 0.966 0.904
Laplace 0.840 0.928 0.920 0.954 0.896
Beta(2,5) 0.895 0.935 0.916 0.879 0.857
Exponential 0.839 0.908 0.929 0.621 0.748
Panel B: 100 sites
Normal 0.909 0.930 0.943 0.952 0.906
Laplace 0.896 0.944 0.954 0.966 0.909
Beta(2,5) 0.917 0.929 0.935 0.914 0.896
Exponential 0.887 0.925 0.949 0.727 0.831
Panel C: 200 sites
Normal 0.944 0.953 0.941 0.954 0.911
Laplace 0.908 0.935 0.938 0.965 0.898
Beta(2,5) 0.938 0.954 0.946 0.923 0.904
Exponential 0.892 0.929 0.938 0.769 0.862
Panel D: more sites, exponential distribution
Exponential, 500 sites 0.926 0.949 0.939 0.839 0.908
Exponential, 1,000 sites 0.943 0.950 0.948 0.889 0.926
Exponential, 5,000 sites 0.944 0.953 0.943 0.928 0.947

Notes: IF denotes influence function. Each cell reports the share of 1,000 simulated samples in which a nominal
95% confidence interval contains the true parameter. Columns (1), (3), and (4) use intervals of the form estimate
+1.96 standard error, with standard errors based on the influence functions in Theorems 1 to 3. Columns (2)
and (5) use a studentized site-level bootstrap with 999 replications. The data-generating process is described
in the text; the standardized skewness of e; is 0 for the normal and Laplace distributions, 0.6 for the Beta(2,5),

and 2 for the exponential.

C Proofs

C.1 Proof of Lemma 1

Let

ex;i = fx(S;) — px (),

ey,i = Hy (Si) — py (S5).

Because w(S;) is measurable with respect to S;, weighted expectations obey E,[R;] = E,{E[R; |
S;]} whenever the relevant expectations exist. Assumption 1(ii) implies that Elex; | S;] = 0 and

Eley; | Si] = 0. Therefore,

Eu | {7y (51) — Eulpy ()] = Pr

= Eu [{r(S1) — Bulpay (S))) + Var(ay (51) | 50) — V]

= Vary (py (),
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where the last equality uses the conditional unbiasedness of ‘A/yZ The matrix-valued analogue
proves (2). Similarly,

By [{7ix (S0) — Eulux (S)Hy (55) — Euluy ()]} - Ccy]
— Eu [{1x(81) — Bulix(5)[Hay (59) — Eulay ($)]} + Cov(7ix($), fiv (Si) | ) — Cxva
— Cova(ix (), iy (9)), (71)

where the last equality uses the conditional unbiasedness of C xv,i- This proves (1)—(3).
To prove (4), let
ei =iy (Si) — py (Si),  di = py (Si) — Ewpy ()]
Conditional on S;, Ele; | S;] =0, so
El(e; + di)* | Si] = d + 3d; Var(fiy (S;) | Si) + E[e} | Si].

Moreover, R R
]E[(el + di)Vyﬂ' | SZ] = dZ Var(ﬁy(Si) | SZ) + COV(,L/I\,y(Si), Vyﬂ' ’ Sz)

For brevity, write
vi = Var(fiy (8:) | Si), ¢ = Cov(fiy(Si), Vv | Si), ki = Ee} | Sil.

The conditional unbiasedness restrictions then imply
E[(es + di)? — 3(ex + di) Py + 3Cyvi — Ry | 8]

= d + 3d;v; + ki — 3(divi + ¢;) + 3¢ — ki
=d;.

Taking a weighted expectation of the previous display, the result follows.

Lemma 2 (Conditional product representation). For each d, order the indices assigned to arm d
asUgp <--- < UdaNd,i' Conditional on S;, the collections

(v, i(d); -, Oy, i(d),  d=0,....D,

are mutually independent, and the collection for arm d consists of Ng; i.i.d. draws from the condi-
tional marginal distribution of O;(d) given S;.

Proof. Write D; = (Duﬂ-)iv;'l and let P; = ((Ou,i(d))zl):o)uNél collect the sampled potential outcomes.
Fix a feasible assignment vector d, and let ug; < --- < uq, Na.; be the indices it assigns to arm d.
For arbitrary Borel sets Ag; C R, define

D N,

N; -
Ed = ﬂ ﬂ {Oudd,i(d) € Ad,j}, qz = <N0 AN N’D > '

d=0 j=1
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Since the arm sizes are measurable with respect to S;, we have

D Nas
A (V00 € 4y D= a5,
d=0 j=1
D N,
=P ﬂ ﬂ {Oud,jvi(d) € Aaj} ‘ D; =d,5S;
d=0 j=1
| P(Eq,D;=d|S)
P(D; = d | S;)
E[l{Ed}P(Di =d| P;,S;) | Si]
EP(D; =d| P;,S;) | Si]
D Ndz

_ Ed|5 ~ I [[P©:(@) € Aa; | 5.

d=0 j=1

The first equality uses Uy ; = uq ; on the event D; = d. The second is the definition of conditional
probability, and the third follows by iterated expectations, since Fq4 is measurable with respect to
(P;,S;). The fourth uses Assumption 3, which makes the conditional assignment probability equal
to g;. Finally, all indices uq ; are distinct, so Point 2 of Assumption 2 gives the product in the last
equality. This product does not depend on d. Averaging over the assignment conditional on S;
therefore gives the same factorization conditional on S; alone, proving both mutual independence
across arms and i.i.d. sampling within each arm. O

Lemma 3 (Normalized-weight expansion). Let (u;, Z;)"_; be i.i.d., where u; > 0, Z; € R? for some
fized d, and Elu;] = 1. Define
1 ~ 1
u= Us, 6 = — _
n- n “ u
i=1 i=1

If ElJui(Zi = 0)|°] < oo, then

(@ —0) = \}ﬁ;u(z —0)+ op(1). (72)

Proof. Because n=! Y, (u;/u) = 1, the following identity is exact:

The weak law of large numbers gives @ N 1, while the finite-second-moment condition and the
multivariate central limit theorem give n=/2 3", u;(Z; — 0) = Op(1). Hence replacing 1/ by one
changes the right-hand side by op(1), proving (72). O

C.2 Proof of Theorem 1

For brevity, let

s
b-<
Il
ﬁ
?
=
&
S
Il
g
>N
~
Il
SN
M=



Then, w(S;) = u;/u. By Assumption 1(ii) and the law of iterated expectations,

Eluiiy (55)] = E[wiE{#y (5i) | Si}] = Eluipy (Si)] = my-.
For every 1, _
fy (8i) = py = {By (8i) — my } — {1ty —my}.

Therefore,

=1

= LS () [{ (5) — my)? — 207 (8) — my } Ty — my )+ (fy — my)
i=1

S S (5) — my 2 = 2(Fy — iy} §j S (v (S) — my} 4 (Fy — my)?
=1

:% > @(Si){fiy (Si) — my }? — dy,

i=1

where dy = Jiy — my. Subtracting n=! >, &J\(SZ)‘A/YZ from both sides and using the definition of
/\2 .

o4 gives

Zw ) [y (80) = my}? = Phi] - - (73)

Apply Lemma 3 first with Z; = [y (S;). Because E[u;fiy (S;)] = my, its moment condition is
E[u?{fiy (S;) — my}?] < oo, which follows from Assumption 7(i). Therefore, dy = iy — my =
Op(n~'/2). Next apply the lemma with

Zi = {fiy (S;) — my }* — V.
Lemma 1 gives E[u;Z;] = 02, and Assumption 7(ii) is the required second-moment condition. Hence

N {; S (8% - UQ} - \/1% ; o2 + 08 (1).

i=1

Combining this display with (73) and \/nd? = op(1) proves (43). The stated normal limit then
follows from (43), Assumption 1(i), Assumption 7(ii), and the i.i.d. central limit theorem and
Slutsky’s theorem.

To prove consistency of V2, write

dy =0°—0°, A= [y(S;) —my.
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Using (37) and (34),

—~
%ﬂ,i - 11}02,1' =

gl &

(i (81) = Tiy }? = Vi = 7

o [ (59 = vy = Vs = o?

= % _(AZ- —dy)* - ‘7Y,i —(0® + da)} — U [AZZ - ‘/}Y,i - 02}
- % AZ2 — 2y A+ d} — Vyy — 0% — da] U [A? — Wi - 02]
= (2 —w) [AF = Vs — 0] + = [~2dv Ai + d} — do]

1

I
/\

Uj
E — 1) @/102 i+ E [—QdyAZ’ + d%/ — da] .

Let r; = 120% — Y2, From (a1 + a2 + az + aq)? < 42] 1 aJ and (74),

sa(3on) P v LY
=1 zl

4d4 ”2 4d? 1
S

=

Assumption 7(i) and the weak law of large numbers imply

1 — P 1 < P
- Zu?Af — E[u?A?] < oo, - Zu? — E[u?] < 00
i=1 '

Moreover, dy = op(1) by Assumption 7(i) and the weak law of large numbers and d, = op(1) by (43).

Also, 1 £ 1 and n! iy 92, . = Op(1) by the weak law of large numbers and Assumption 7(i)
and Assumption 7(ii), respectively. Consequently, every term on the right-hand side of the preceding

bound is op(1), and hence

S s — o} = on(1).
i=1

Next,
1=~ 1<~ 5
E A wo2,i - ﬁ Zwa2,i
i=1 i=1
1
E Z r1{2w02,i + Ti}

1 1/2 1 1/2 1 &
2 2 2
(50 (50) 15
1= 1=

(75)

where the inequality follows from the triangle inequality and Cauchy—Schwarz. By Assumption 7(ii)

and the weak law of large numbers,
1 & P
- Z?/)gai — K 321] < 0.
i=1
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Together with (75), this proves that
IR 1
2 2
g Z ¢O.2’i - E Zwag’i = O]}D(l)
i=1 i=1
Therefore, ‘702 N V2.

C.3 Proof of Theorem 2

For brevity, let u; = w(S;) and w = n~! Yo, ui. Then, @W(S;) = u;/u. Let

= 3w [{7x(5) ~ Bulix (S)H7x (S) — Bulx (ST - Vi

1

3\’*

Var (ux (S

A

Cov(px (8), 1y (8) = — > i [{7ix (S0) — Eulpex (S) Hiy (85) — Eulpy (S)]} — Cxv]

SRS

1=1

Write - -
dx = fix — Eulux(S)], dy = By — Euluy (S),
Zuz{ux Eulpx ()]}, Ry = Zuz{uy B [py (9)]}-
Then dy = Ry /@ and dy = Ry /%. Expanding the centered products, one has
Var(ux(5)) = ~Var(ux(8)) — dxd}. (76)
Cov(1ux (), p () = = Covlux(8), uy (5)) — dxdy- (77)

Applying Lemma 3 with the stacked vector Z; = (ix(S:)7, iy (S;))T, Assumption 1(ii) gives
ElwiZ] =mz,  mz:= (Eulpx(S], Euluy(9)])",
while Assumption 8(i) implies the lemma’s moment condition
E[l|ui(Z; —mz)||*] < oo
Therefore, the lemma gives

dx = O]p(nflm), dy = Op(nil/z).

We first establish consistency of \//z;(,u x(S5)). Let

73X = vee({7ix(8) — Bulpx (I HAx () — Eulux (T = Vi)

where vec(A) stacks the columns of A into a column vector. Fix (j, k) € {1,...,K}? and write
mx ; = Eylpux ;(S)]. The (j,k) entry of Var(ux(S)) is the sample average of

Zijk = Ui [{ﬁx,j(sz‘) —mx i Hixk(S:) —mx i} — VX,i,jk} .
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This random variable is integrable. Indeed
|Zi k| < ui [Iﬁx,j(sz‘) — mx | [Bx k(Si) = mx k| + [Vx.ijnl
< 5 (7 (50 = max g} + 5 {xa(S) = mixr)® 4+ wilVacagul
where the second inequality uses |ab| < (a? +b?)/2. The expectation of the right-hand side is finite
by Assumption 8(i) and Assumption 8(ii). Therefore, the weak law of large numbers and Lemma 1

imply, for every (4, k),
Var(px (8))ji > Varu(px (5)) i
Equivalently,
vee{ Var(jix (8))} — vee{Vary (1x (9))}.
u ! =14 op(1) and

Because K is fixed, this implies convergence of the whole matrix. Moreover, @
each entry of dxd% is Op(n~!). Hence

o= P

Var(ux (5)) — Vary (ux (). (78)

Assumption 8(iii), continuity of the determinant, and (78) imply that Var(ux(S)) is nonsingular
Continuity of matrix inversion at nonsingular matrices then

with probability approaching one.
—1

1B Var, (ux (S))

gives
Var(ux (5))
Using the definition of 3, we have the exact identity
Var . (79)

B = B = Var(ux (8)) " [Covlux (5), m () — Var(ux(S))8

Combining (76), (77), and (79), and using the Op(n~/?) rates for dx and dy, gives

Var(jux (S) 11 ! Zuz[{ux E.[p
X {NY — Eulpy (8)] = {7ix (Si) — Euwlux (9)]} 78}
(80)

- CXY,i + VX,@'B} +op(1).

Lemma 1 and the definition of £ give

V(B —B) = x(9)1}

Let H; denote the bracketed vector in (80)
Moreover, Assumption 8(iv) ensures the moment condition of Lemma 3. Applying that lemma with

Z; = H; gives
11 &
- H; = i H;
T ;u Zu + Op
We also have -
Var(px (S)) ™! = Vary(ux (S)) ™" + op(1),

and
1 n
7 2 35 = 0p(1),
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where the last display follows from the multivariate central limit theorem and Assumption 8(iv). It
follows from (80), the preceding displays, and Slutsky’s theorem that

Va(B—B) = \}ﬁ > i on(1)

establishing (44). The stated normal limit then follows from (44), Assumption 1(i), Assump-
tion 8(iv), the multivariate i.i.d. central limit theorem and Slutsky’s theorem.

Now suppose that Assumption 10 also holds. We prove consistency of ‘A/g. For brevity, let

mx =Eu[ux(S)],  my =Euluy(S)], M = Vary(ux(5)),
and define
Ai=fix(S) —mx,  Bi=fy(S)—my, dg=B-8 M= Var(ux(S)).
Write
¢ = u; {Ai(Bi — Al B) = Cxy + ?X,iﬁ} :

~ Uj

G=— [(Ai —dx){Bi —dy — (4; —dx)" 3} — Cxy.i+ ?X,ig .
Then vg; = M ~lg; and 12571' =M —1%;. Expanding and collecting terms gives
~ 1 i
%i—q = <u - 1) g + % [ —dxB; — dy 4; + dxdy + Aidx B+ dx Al B — dxdX 8

+{Vxi — (A; — dx)(A; — dx) " }dg). (81)

We show componentwise that the empirical mean squared difference between ¢; and ¢; converges
to zero. Fix j € {1,..., K}. The jth component of (81) equals

N 1 uj
Gij — iy = (u - 1) %t — [ —dx;Bi — dy Aij + dxjdy + A jdx B+ dx jA] B — dx ;dx 3
K ~
+> {VX,i,jk — (Aijj — dxj)(Aig — dX,k:)} dﬂ,k} :
k=1

Since K is fixed, repeated use of (aj+---+ay)? < J Zgzl a? gives a finite constant C, independent
of n, such that

1 n
~ (G- <C
=1

1 21
Z_1) = 2.
(5 )z

1 1 < 1 < 1 <
=1 =1 =1
1
T2

S

ALY i ST S
=1 i=1

i=1

K
1 1 ~ 2
+ oy D b >l {Vx,z',jk: — (Aij — dxj)(Aik — dX,k)} ] :
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Assumption 8(i) and the weak law of large numbers imply

n

1 = 202 242 _ l = 2 _ T
n;uiBi = Op(1), Z AZ, = 0p(1), nz;u = Op(1) Z (A7 B)% = Op(1).

For every j, k, the inequality (a — b)? < 2a? + 2b? yields
1 o 9 (5 2
- > {VXJ,jk — (Aij — dx ) (Aig — dX,k)}
i=1

L~ 959 1~ o 2 2
<20 VR 2 3 uf(Aig — dx)* (A — dxcp)*.
i=1 =1
The first term is Op(1) by Assumption 10 and the weak law of large numbers. For the second term,
using (z — y)? < 222 + 212 twice and 2uv < u? + v? gives

(Aij —dx ;) (Aig — dx i)
SAAT AT+ AAT Ay 4 AdY AT + 4dX
< 247 + 247, + 447 d%k + 4dX ;AT + Ad5 A%

Multiplying this inequality by u , Assumption 10, the weak law of large numbers, and dx =
Op(n -1/ 2) therefore imply that the second term is also Op(1). Consequently, for every j, k,

I (s 2
— > ui {Vx,ije— (Aij —dxj)(Aix —dx )¢ = Op(1).
e

Since ¢; = M1g;, Assumption 8(iv) and the weak law of large numbers imply n=1 37, q% ;= Op(1).

Moreover, u L. Also, dx = Op(n~'/?), dy = Op(n~'/?), and (44) implies dg = Op(n~'/?).
Hence, for every j,

1~
- > (Gij — ai5)* = op(1). (82)
i=1
Next fix j € {1,..., K}. Since

Dpi— s =M NG —q) + (M~ — M Y)g,

the jth component is a finite sum of scalar products. Entrywise convergence of M~ to M~ (82),
and repeated use of (a1 + -+ ag)? < K Zi{zl a? imply

1o ~
- > Wpis —vpag)" = or(l). (83)
i=1
Finally, fix (j,k) € {1,...,K}? and let r;; = {ﬁ\ﬁ,i,j — g ;. Then

1 — 1 &
-~ Z Vasik = Z V8,i,iVB,ik

n

1
T Zrz,j¢ﬁzk + - Zwﬁz,grszr Zrzjrzk (84)
=1
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The second equality follows from the fact that by Cauchy—Schwarz, the absolute value of the first

term is bounded by
n Zl Tij n Zl V3ik

By (83), 1>, 7“127 ; = op(1), while Assumption 8(iv) and the weak law of large numbers imply

1/2

' n
1 n
2 .
. g 1 V5., = Op(1) for every j.
=

Thus, the first term in (84) is an op(1), and one can use similar steps to show that the two remaining
terms are also op(1). Moreover, for each j, k, the weak law of large numbers gives

1 — P
- > Wpigsie — Elbgiivsil,
=1

because E[|¢g; 11| < oo by Cauchy-Schwarz and Assumption 8(iv). Combined with (85), this
proves that

V/j — Vg.
C.4 Proof of Theorem 3
Let
my = Ey [y ()], A; = py (S;) —my, dy = [iy —my,
u; = w(S;), a=n"" Z u;, H; = A? — 3Ai‘7y,i + 36}/\/,1‘ - fA(Y,z’-
i=1

To derive the exact representation, first expand each centered term in (9):

n

Ry = ﬁ Z'&J\(Sz) [Hz — 3dy{A22 — ‘73/71‘} + 36@/141' — d?{/ .
=1

By the definition of dy,

1 n

= " @(S)A; = dy,
[

while (73) implies
1 ¢ o
— > W(Si)(A7 = Vi) =57+ di.
=1

Also, n=1 > @(S;) = 1. Consequently,
1 n
Ry n;w(S) 3dy (07 + dy-) + 3dy ,
which simplifies to
1 n
Ry = =Y @(S;)H; — 3dyd> — dy.. (86)

n -
=1
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We next derive the linearization. We start by rewriting (36) with the notation used in the proof:

Vry i = Ui A} - 3Ai‘7Y7i + 3@YV,¢ - IA(Y,Z‘ — Ky — 30 A;
== UZ{HZ — Ry — 30’2141'}.

. -1 Cus A
Since dy = %,

11 11
*EZ%{W‘: Zuz Z_K'Y _30 dy .
=1
Subtracting ky from (86) and using this equality,

11
/{y—/iy—**zwnyz—l-?m’ dy—3dy0' —d3

Zz/},i% 3dy (6% — 02) — dy.
Multiplication by /n yields
Vn(Ry — ky) Zwy, —3vndy (5% - %) — V/ndy. (87)

Assumption 9(i) implies @ — 1 = Op(n~/?) and dy = Op(n~'/?). Lemma 1, Assumptions 9(i)— (i),
the weak law of large numbers, and (73) imply 62 — 02 = op(1). Assumption 9(iii) and the central
limit theorem give n~/2 3" 4., ; = Op(1). Thus (87) proves (46); its stated normal limit follows
from the i.i.d. central limit theorem and Slutsky’s theorem.

C.5 Proof of Proposition 1

By Lemma 2, conditional on S;, each arm contains an i.i.d. sample from its arm-specific conditional
marginal distribution, and the samples are independent across arms. The usual properties of an
i.i.d. sample therefore apply separately within each arm. In particular, its sample mean is unbiased
and its sample covariance matrix is unbiased for the population covariance matrix. Dividing the
latter by Vg ; and stacking the arms gives

Elzzo(S:) | Si] = no(Si),
E[Vo, | Si] = Var(fio(S:) | S:),

where the off-diagonal arm blocks of 17072- and Var(fio(S;) | S;) are zero by cross-arm independence.
This proves (10) and (11).

Then, consider an i.i.d. scalar sample Z1, ..., Zm, let p = E[Z;], and define k3 = E[(Z; — u)3]. One
has
E[(Z — p)°] = m2’ (88)
1 & —1)(m—2
~N"(z,-7)?| = (m )(2m ) (89)
m = m
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The first identity follows by expanding the cube of the sample mean: all summands with unequal
observation indices have expectation zero, leaving m#ks3/m?>. The second follows by expanding the
cube and collecting the terms with coincident indices. Now apply (89) within arm d, conditionally
on S;, to the scalar variable Z; = ¢} 0j;(d), with m = Ng;. By Lemma 2, these variables are i.i.d.
within arms and the samples are independent across arms. Therefore,

D
B{iT0,(c) | 5= Y- 5 E[(c](0u@) - BiOsa) | Y | 5].
d=0 "t

Applying (88), and using conditional independence across arms from Lemma 2, it follows that the
right-hand side of the last display equals

E[{c" (fio(Si) = no(S))}* | i
which proves (12) for every non-random c.

It remains to verify the statements for the linear transformations. The first two identities of the
proposition, premultiplied and postmultiplied by B and/or ¢, give the conditional-unbiasedness
restrictions for fix(S;), 1y (S:i), Vx,i, Vi, and Cxy,. Moreover, (12) and the definition of Ky
yield

E[Ky | Si| = El[{fy(S) — uy (S)} | Sil.
Finally, for an i.i.d. scalar sample Z1, ..., Z,,,

Cor|Z, Sz 77| = 5

m(m —1) st

Applying the previous display to Z; = c;erj,i(d) shows that
Cov(fiy (Si), Wi | 8i) = E[Mz04(c) | Si] =E[Cyv, | Sil.

Thus all the conditional-unbiasedness restrictions in Assumption 1 hold. The i.i.d. requirement
follows because all the displayed statistics are fixed functions of the i.i.d. site vectors and of
randomizations conducted independently across sites.

C.6 Proof of Proposition 2
For brevity, write A = px(95), I = IDE(S), and G = DE(S). By (13), uy(S) = AI + G. Assump-
tion 5 therefore implies

Covy (A, ny (S)) = Covy (A, AL + G)
= Ey[I{Ew [A2] - Ew[A]z}
= E,[I] Var,,(4).

Dividing by Var,,(A) proves that fSpeq = Ew[I]. The regression intercept is

Omed = Ey [MY(S)] - ﬁmedEw [A]
= Eu[A]Ey[I] + Eu[G] — Ey[I]Ey[A] = Ey[G],

which proves the result.
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C.7 Proof of Proposition 4

By (18),
[0, (Si) — pa, (Si) = €5 (Si) — €5 (i) + €5 (Si, Pa(Si)) — €f (S5, Pi(Sh)),

which proves Part 1.a). For Part 1.b), denote by A; and B; the first and the second difference on
the right-hand side of the previous display, respectively. If Var,(A; + B;) = 0 and A; and B; are
not perfectly negatively correlated, then Var,,(A;) = Var,(B;) = 0. Moreover, if Var,,(B;) = 0 and
¥ (S;, Po(S;)) and €] (S;, P1(S;)) are not perfectly positively correlated, then Var,, (e£'(S;, P2(S;))) =
Vary, (e’ (S;, P1(S;))) = 0. This proves necessity; sufficiency follows immediately by adding variables
with zero weighted variance.

For Part 2, let v = Vary,(pa, (Si)) = Vary(pa,(S;)) > 0. Then

Covu (1a, (57), 1as (5i)

J2A =2v—2 COVW(IU’Al (Sl)’ /‘LAQ(S’L'>)? Ba1 =

Consequently, 0% = 0 if and only if Covy,(ua, (i), pa,(Si)) = v, which holds if and only if B9 = 1.

C.8 Proof of Proposition 5

For brevity, let F' = ,U,Fs(S), T = HLATE(S), [y = LATE, and I, = LATEFSQ. Then NITT(S) = FT,
FS = E,[F], and mg = E, [F?].

For Point 1,
Ey[{pTr(S) — Z2F}2] =Ey [F2<T - 52)2] = m2giATE,FSZ'

Dividing by mgo > 0 proves the equality.

For Point 2, Assumption 6 implies 0 < F' < 1 almost surely. Let X = F(T — 1), h = E,[X?],
d=Eu[FX]=r—mal;,and 6 =FS —mgy > 0. Since E,[X] =0, E,[(1 — F)X]| = —d. Also,

FSof g = Eo[X?/F] = h+E,[(1 — F)X?/F).

If the target variance is infinite, the bound is immediate. Otherwise, Cauchy—Schwarz gives

d? = {Ew ,/%X\/Fa —F)

Consequently, 02 sz > (h + d?/8)/FS. Moreover, the definition of Iy gives E,,[F2(T — l3)] = 0, so

2
} < Eu[(1 - F)X?/F]6.

By [F2(T — 11)%] = By [F2(T — 12)%] + ma(la — 1)

Combining this identity with d = ma(la — 1) proves the final equality in (23).

C.9 Proof of Theorem 4

Point 1. We first establish consistency and root-n convergence of ﬁFSZ' Conditional unbi-
asedness gives

Eu |firs (Si)firre($:) — Crs.rrrs] = Bulpes(S)re(S))
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and

Eu[fips(5i)? — Vesi] = Bu[prs(5)?].
The normalized-weight expansion and the second-moment conditions therefore imply that 7 and mq
are root-n consistent for these two expectations. Since Eq[urs(S5)?] > 0, a ratio expansion yields

LATEgg2 — LATEpq = Op(n~/2). (90)

2
LATE,FS?"

Elgi(1) | Si] = {prr(Si) — lprs(Si)}2.

At | = LATEpg2, this implies E,[g;(LATEgg2)] = ¢. Assumption 11 allows us to apply Lemma 3
with Z; = g;(LATEpg2):

We next expand the numerator of & By the unbiasedness of the variance and covariance

corrections,

Vi{Q(LATE ) — g} = jﬁ S w(S){gi (LATEg2) — g} + op(1). (91)
=1

Differentiating g;(l) gives
9gi(l)
ol

The first and third finite-second-moment conditions in Assumption 11 and the preceding display
imply

= —2%irs (So) {firrr(Si) — firs (Si)} — 20Visi + 2Crs rr7.i-

E[|w(Si)g;(LATEpg2)|] < oo.

The conditional unbiasedness identities in Proposition 1 therefore imply

. [agi(LATEFSz)

. ] = 98, (s (S){purr(S) — LATE g purs(S))]

=0, (92)
Therefore, the weak law of large numbers and (92) give
Q' (LATEpg:) — 0. (93)
Also, direct differentiation shows that
~ 1 <& ~
(1) = 2= " (S) s (S0)? ~ Vs, }
Q"(1) n;w( ) L HEs(Si)” — Vrsi ¢

thich does not depend on [. The weak law of large numbers, Assumption 11, and unbiasedness of
Vrs,; imply that this expression converges in probability to 2, [urs(S5)?] and hence is Op(1). The
exact second-order Taylor identity for the quadratic function Q(1) is

G = Q(LATE;q) + Q'(LATE g2 )(LATE g2 — LATE g2
1~ -
+ 5Q”(LATEFSQ)(LATEFSz — LATEpg2)?.
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By (93) and (90), Q'(LATEpg2)v/n(LATEpg2 — LATEg2) = op(1). Similarly,
%@”(LATEFSQ)\/E(L/A'T\EFSQ—LATEFSQ)2 = %@”(LATEFsz)n_l/Q(\/ﬁ(ﬁFsz—LATEFSQ))Q = op(1),
because @”(LATEFSQ) = Op(1) and in view of (90). Therefore,
V(@ —q) = Va{Q(LATEgg2) — q} + 0p(1)
_ \}52% +op(1), (94)

where the last equality follows from (91) and the definition in (47).

For the denominator, unbiasedness of YA/FSJ implies
By |firs(8:)? = Vis.i| = Eulurs(5)7.

Assumption 11 allows us to apply Lemma 3 with Z; = Jips(S;)? — ‘A/FSZ Therefore,

vn {:L Z w(S;) [ﬁFS(Si)Q - VFS,Z} - Ew[MFS(S)Z]}

i=1

_ \/IEZ%SQJ +op(1). (95)
=1

By Proposition 5, ¢ = E,, [MFS(S)Q]UiATE pg2- Assumption 6 implies E,, [1rs(S)?] > 0, while (95)
implies that the denominator of (26) converges in probability to this strictly positive quantity. It is
therefore bounded away from zero with probability approaching one. Expanding the ratio in (26)

and using (94) and (95), we obtain

wq 2¢
=2 2 b LATE JFS2VFS?i
vn (ULATE,F82 - GLATE,FSZ) \f Z lers(S)7] + op(1)

\/>Z LATE JFS2’ o +0P(1)7

which proves (54).

Each influence function in the last display has mean zero. The observations are i.i.d. across sites
by Assumptions 2 and 3, and E[?2, ;] < oo by Assumption 11. The central limit theorem

LATE,FS2’
and Slutsky’s lemma therefore imply

4 N(0,V,

~9 2
\/ﬁ (JLATE,FS2 - ULATE,FS2> LATE FS2

which proves Point 1.
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Point 2. For this point impose Assumption 12 as well. Write F* = [ips(S;), I} = frrr(S;i), and
a; = (I;})* = Virrg,  bi=F'I; = Cesyrra, ¢ = (F))? = Vis,.
Thus g;(1) = a;—2Ib;+1*c;. The additional assumption implies E[w(S;)?] < oo and E[w(S;)?(I})?] <
oo. Binary take-up gives |F| < 1. Assumption 11, together with E[w(S;)?] < oo, implies that
w(S;i)bi, w(S;)ei, and w(S;)g;(LATERg2) have finite second moments. Since
a; = gi(LATEpg2) + 2LATEg2b; — LATE?

Fs2 i

w(S;)a; also has a finite second moment. Consequently, for Z; = (1, F/*, I, a;, b;, c) T,

Ellw(S:)Zi]*) < (96)

The normalized-weight expansion applied jointly to these variables gives root-n consistency and
joint asymptotic linearity of their weighted averages. In particular,

Vn(LATE — LATE) =7 Z YrLaTe, + 0p(1).

For a fixed | = LATE it also gives

Vr{Q(l) — IZ ){gi(1) — h} + op(1).

Because @ is quadratic, its exact Taylor expansion yields

~

= Q(LATE) + Q'(LATE)(LATE — LATE) + s (LATE — LATE)2

Here Q'(LATE) = 2(iyLATE — 7) N 2(maLATE — r), and the last term is Op(n~=1). It follows
that

~ 1
h—h)=— ; 1
Vn( ) N El Ypi + op(1)
The same joint expansion and the product rule give

Vn(d—d) = \}ﬁ Z Yai+op(l),  Vn(d—6) = \/15 Z%,i + op(1)

Applying the delta method to (h,d, §, FS) — (h+d?/§)/FS, whose denominators are strictly positive,
yields

L ATE?

1 2d d2
)2 = FS {¢h,i + ?wd,i - 57¢5,i — U%ATEwFSJ} .

This proves (55). The joint central limit theorem implied by (96) gives the stated normal limit.

C.10 Proof of Proposition 6

First note that from (19),
Euw[prs(S){pLaTe(S) — LATE}] = 0.
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Therefore,

prs(S)
FS

Then, using the fact that urpr(S) = prs(S)urate(S),

FSovaters = Ewlurs(S){prate(S) — LATEH ups(S) — FS}
= COVw(,qu(S),,uITT(S» — LATE Varw(ups(S))
= Vary, (urs(S)) (Birr,rs — LATE) ,

OLATE,FS = Ey {pLare(S) — LATEH ups(S) — FS} .

which proves (29).

C.11 Proof of Proposition 7
For Point 1, for every j,¢ € {1,...,J},

By [{prrr,, (S) — pps, (S)LATE ; pgz Hprrr,, (5) — ,UFSd(S)LATEd,E,FSZ}}
= Ey[prs, ()] Covpgz (LraTE,; (5), prATE,, (S5))-

Stacking the identities for j, £ € {2, ..., J} shows that the second-moment matrix of the transformed
regressors is

E, [MFSd(S)Q] VarFsg (BLATE,d,~1(S5)),
while their cross-moment vector with the transformed outcome is

Eu[prs,(S)?] Covpgz (HLATEd,~1(5), HLATE,, (5))-

The coefficient from the no-intercept regression is the inverse of the first expression multiplied by
the second. Therefore, it is equal to

{Ew [1rs, (5)7] Varpsg(uLATE,d,—l(S))} Eu[1rs, (5)?] Covigs (BLaTe.a,-1(S); pLati,, (S))

= Varpga (trate,d1(5)) ™" Covpg (Hrate,a,1(S), prate,, (5)) = 5%,

For Point 2, cancellation of the two first stages gives

Eu [pirrry ,, (S) prrr, , ()]
Ewlprs, (S)urs, (S)]

Ers,Fs, [LATE, , (S)pLATE, , (S)] =

Similarly,

Eq [NFS2 (S)NITTl,k (S)]
B [prs, (S)prs, ()]

Under squared-first-stage-1 weights,

Eo[prrr, ), (S)?] Ey[prs, (S)prrT, ;. (5)]
Ey [MFsl (S)Q] ’ Ew[MFS1(S)2}

Subtracting the products of the corresponding means and taking the covariance—variance ratio
yields (33), proving Point 2.

Eq [MFS1 (S)NITTz,k (S>]
B [prs, (S)prs, (S)]

Ers, Fs, [HLATE, , (S)] = Ers, £, [WLATE, , (S)] =

EFS% [MLATELk (5)2] = EFS% [NLATEl,k (S)] =
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D Survey of Multi-Site RCT's

Table 8: Multi-site RCTs in AEJ: Applied Economics 2014-2016

Title Units of Observation Units of Randomization Sites Randomization Units per Site
Keeping It Simple: Financial Literacy and Rules of Thumb Individual clients 1,193 individual clients 107 barrio: 11.1
Improving Educational Quality through Enhancing Community Participation: Results from a Randomized Field Experiment in Indonesia Students 520 schools 44 subdistricts 11.8
The Demand for Medical Male Circumcision Individuals 334 individuals 29 enumeration areas 56.3
Should Aid Reward Performance? Evidence from a Field Experiment on Health and Education in Indonesia Individuals 300 subdistricts (kecamatan) 20 districts (kabupaten) 15.0
Private and Public Provision of Counseling to Job Seekers: Evidence from a Large Controlled Experiment Individuals 43,977 individuals 216 employment offices 203.6
Estimating the Impact of Microcredit on Those Who Take It Up: Evidence from a Randomized Experiment in Morocco Households 162 villages (81 matched pai; 47 branches 3.4
Microcredit Impacts: Evidence from a Randomized Microcredit Program Placement Experiment by Compartamos Banco Households 250 geographic clusters 45 superclusters 5.6
The Impacts of Microcredit: Evidence from Bosnia and Herzegovina Individuals 1,196 individuals 282 city/towns or 14 branches 85.4
Social Networks and the D on to Insure Households households 185 villages 28.8
Inputs in the Production of Early Childhood Human Capital: Evidence from Head Start Individuals 4,442 individuals 353 Head Start centers 12.6
The Returns to Microenterprise Support among the Ultrapoor: A Field Experiment in Postwar Uganda Individuals 904 individuals 60 villages 15.1
The Impact of High School Financial Education: Evidence from a Large-Scale Evaluation in Brazil Students 892 schools (matched pairs) 6 states (municipalities not reported) 148.7
Median 46 15.0

Notes: ”'The Returns to Microenterprise Support among the Ultrapoor: A Field Experiment in Postwar Uganda” corresponds to the Phase 2 experiment. ”Social
Networks and the Decision to Insure” corresponds to the household level randomization and analysis. In “The Impact of High School Financial Education”,
randomization was within matched pairs of schools stratified by municipality; the paper does not report the number of municipalities or pairs, so we count the

six states in which the schools are located as sites.



